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FOREWORD

Symbolic Boolean manipuiation using Binary Decision Diagrams (BDDs) has been
applied successiully to a wide variety of tasks, particularly in very large scale
inlegration (VLSI) computer-aided design (CAD). The concepi of decision graphs
as an abstract representation of Boolean functions dates back to carly work by Lee
and Akers. In the last ten years, BDDs have found widespread use as a concrete
data struciure for symbolic Boolean manipulation. With BDDs, functions can be
constructed, manipulated, and compared by simpile and efficient graph algorithms.
Since Boolean functions can represent not just digital circuit functions, but also such
mathematical domains as sets and relations, a wide variety of CAD problems can be
solved using BDDs. :

Although I can claim some credit in iniiating the use of BDDs for symbolic Boolean
manipulation, the state of the art in the fieid has been advanced by researchers around
the world. In particular, the group headed by Prof. Shuzo Yajima at Kyoto University
has been the source of many important research results as well. as the spawning
ground for some of the most productive researchers. Shin-Ichi Minato is a prime
example of this successfut research environment. While 2 Master’s student at Kyoto
University, he and his colleagues developed important refinements to the BDD data
struciure, including a shared representation, attributed edges, and improved variable
ordering techniques. Since joining the NTT LS{ Laboratories, Minato has continued
to make important research contributions. Perhaps most significant among these is
the use of a zero-suppressed reduction rule when using BDDs to represent sparse sets.
These “ZBDDs™ have proved effective for such tasks as the cube-get manipulations in
two-level logic optimization, as well as for representing polynomial expressions.

This book is based on Minato's Phd dissertation and hence focuses on his particular
coniributions to the field of BDDs. The book provides valuable information for
both those who are new to BDDs as well as 10 tong time aficionados. Chapters
L—4 provide a thorough and self-contained background to the area, in part because
Minato’s contributions have become part of the mainstream practice. Chapters 5-7
present an area for which Minato's contributions have been of central importance,
namely lhe encoding of combinatorial problems as sparse sets and their solution using
ZBDDs. Chapters 3-9 carry these ideas beyond Boolean functions, esing BDDs to

e
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represent polynomial expressions and inteper-vatued functions. These laiter paris
provide intriguing insights into how BDDs can be applied outside VLSI CAD.,

Randal E. Brvant
Camegie Mellon University

This pook is a revised edition of my doctoral thesis, submitted 1o Kyoto University,
Japan, in 1995. It is mainly a report of my research on the technigues of Boolean
function manipulation using Binary Decision Diagrams (BDDs} and their applications
for VLSICAD systems. This research was done in Prof. Yajima’s Laboratory at Kyoto
University from 1987 t0 1990 and in NTT LSI Laboratories from 1990 to 1995,

Over the past ten years, since appearance of Bryant's paper in 1986, BDDs have
attracted the attention of many researchers because of their suitability for representing
Boolean functions. They are now widely used in many practical VLS| CAD systems. {
hope that this book can serve as an introduction to BDD techniques and that it presents
several new ideas on BDDs and their applications. I expect many computer scientists
and engineers will be interested in this book since Boolean function manipulation is a
fundamental technigue not only in digital sysiem design but aiso in exporing various
problems in computer science.

The contributions of this book are summarized as follows. Chapters 2 through 4
present implementation and utility techniques of BDDs. Currently, there are few
books or papers concisely describing the basic method of BDD maniputation, so those
chapters can be read as an introduction to BDDs.

Transforming BDDs into another data siructure is an important issue. Chapter 5
proposes a fast method for generating compact cube sets from BDDs. Cube set data
structure is commonly used in digital system design, and the proposed method will
find many applications since the cube sets are also used for representing a kind of
knowledge in artificial intelligence or data base systems.

The concept of Zero-suppressed BDDs (ZBDDs), introduced in Chapter 6, is the
most important idea in this book. The use of ZBRDDs results in the implicit-cube
set representation described in Chapter 7, and it greatly accelerates multi-level logic
synthesis systems and enlarges the scale of the circuits to which these systems are
applicable. Chapter 8 provides another application of ZBDDs: the manipulation of
arithmetic polynomial formulas. This chapter presents the newest topic, not included
in the original doctoral thesis.

xi
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Truth tables are suitable for manipulation on computers, especially on recent high-
speed vector processors{TY Y87] or parallel machines, but they need 2% bit of memory
Lo represent an n-input function — even a very simple one. A {0¢-input tautology
function, for example, requires 2% bit of truth table. Sirice an exponential memory
requirement leads to an exponential computation time, truth tables are tmpractical for
manipulating Boolean functions with many input variables.

Parse trees for Boolean expressions sometimes give compact representations for
funcitions that have many input variables, and that cannot be represented compactly
using truth tables. A drawback to the use of parse trees, however, is thal there are
many different expressions for a given function. Checking the equivalence of two
expressions is very hard because it is an NP problem, although rule-based method for
transformation of the Boolean expressions have been nmé_ouoa_rn?_mo_‘

Cube sets (also called sum-of-products, PLA forms, covers, or two-fevel logics)
are regarded as a special form of the Boolean expressions with the AND-OR two
level structure, They have been extensively studied for many years and have been
used o represent Boolean functions on computers. Cube sets sometimes give more
compact representation than truth tables, but redundant cubes may appear ia logic
operations and they have 1o be reduced in order to check tautology or equivalency.
This reduction process is time consuming. Other drawbacks are that NOT operation
cannot be performed easily and that the size of cube sets for parity functions become
exponential.

Because the classical methods are impractical for large-scale problems, it have
been necessary to deveiop an efficient method for representing practical Boolean
functions, The basic concept of Binary Decision Diagrams (BDDs} — which
are graph representations of Boolean functions — was introduced by Akers in
1978[Ake78], and efficient methods for manipulating BDDs were deveioped by
Bryant in 1986{Bry86]. BDDs have since attracted the attention of many researchers
because of their suitability for representing Boolean functions. We can easily check
the equivalence of two functions because a BDD gives a canonical form for a Boolean
function. Although a BDD may in the worst case become of exponential size for the
number of inputs, its size varies with the kind of functions {uniike a truth table, which
always requires 27 bit of memory). One attractive feature of BDDs is known that
many practical functions can be represented by BDDs of feasible sizes.

There have been a number of attempts to improve the BDD technique in terms of
execution time and memory space. One of them is the technique of shared BDDs
{SBDNs)IMIYS0], or multi-rooted BDDs, which manages a set of BDDs hy joining
themn into a single graph. This method reduces the amount of memory required and
makes it easy to check the equivalence of two BDDs. Another improvement of BDDs

Fimdrmin cda s -

T L LR R

is the implemenlation of negative edges, or typed edges{MB33] These are auributed
edges such that each edge can have a function of inverting, and they are cffective in
reducing operation time and the size of the graph.

Boolean function manipulators using BDDs with these improved methods are impie-
mented on workstations and are widely distributed as BDD packages|Bry86, M1Y 90,
MBa38, BRB90], that have been utilized in various appiications — especially in
VLS1 CAD systems — such as formal verification[FFK88, MBS8, BCMD90], logic
synthesis([CMF93, MSB93), and testing|CHJI™ 90, TIY91].

Despite the advaniages of using BDDs 1o manipulate Boolean functions, there are
some problems to be considered in practical applications. One of the problems is
variable ordering. Conventional BDDs requires the order of input variabies to be fixed,
and the size of BDDs greatly depends on the order. 1 is hard to find the best order that
minimizes the size, and the variable ordering algorithm is one of the most important
issues in BDD utilization. Another problem o¢curs because we sometimes manipulate
ternary-valued functions containing don’t care to mask unnecessary information, In
such cases, we have to devise a way of representing don’t cares because the usual
BDDs deal only with binary logics. This issue can be generalized to the representation
for multi-valued logics or integer functions. It is also necessary to efficiently transform
BDD representation into other kind of data structures, such as cube sers or Boolean
expressions. This is important because in practical applications it is of course
necessary Lo output the result of BXD manipulation.

As our understanding of BDDs has deepened, their range of applications has broadened.
Besides having to manipulate Boolean functions, we are often faced with manipulating
sels of combinations in many problems. One proposal is for multiple fault simulation
by representing sets of fault combinations with BDDs{TIY91}. Two others are
verification of sequential machines using BD'D representation for state sets[BCMDS0],
and computation of prime implicants using Meta products[CMF93], which represent
cube sets using BDDs, There is also general method for solving binate covering
problems using BDDs{L.590]. By mapping a set of combinations into the Boolean
space, we can represent it as a characteristic function using a BDD. This method
enabies us to manipulate a huge number of combinations implicitly, something that
had never been practical before. But because this BDD-based set representation
does not completely match the properties of BDDs, the BDDs sometimes grow large
because the reduction rules are not effective. There is room to improve the data
structure for representing sets of combinations.
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TECHNIQUES OF
BDD MANIPULATION

This chapter introduces the basic concept of BDDs, which are now commoniy used
for Boolean function representation. We then discuss methods for manipulating BDDs
on computers and describe techniques for reducing computation time and memory
requirements.

2.1 BINARY DECISION DIAGRAMS

Binary Decision Diagrams (BDDs} are graph representation of Boolean functions, as
shown Fig. 2.1(a). The basic concept of BDDs was intreduced by Akers[Ake78], and
an efficient manipulation methed was developed by Bryant[Bry86].

A BDD is a directed acyclic graph with two terminal nodes, which we call the
{(-terminal node and !-terminal node. Each non-terminal node has an index to identify
an input variable of the Boolean function and has two outgoing edges, called the
0-edge and [-edge.

An Ordered BDD (OBDD) is a BDD where input variables appear in a fixed order in
all the paths of the graph and no variable appears more than once in a path. In this
book, we use natural numbers 1.2. .. for the indices of the inpur variables, and every
non-terminal node has an index greater than those of its descendant nodes. !

A compact OBDD is derived by reducing a binary tree graph, as shown in Fig. 2.1¢b).
In the binary tree, O-terminals and |-terminals represent logic values (0/1), and each

LAlthoush this numbering is reveesal to that in Bryant's paperiBey86/(, it is convenient bocutse Ow
wariable index atthe root-tede gives the aumber of variabics for the Tunction,
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Figure 2.3 A shared BDD.
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Figure 2.4 BDD rcproscatation using a tabic.

In a typical implementation of a BDD manipulator, all the nodes are stored in a node
tabie on the main memery of the computer. Figure 2.4 shows, as an exampie, a node
table representing the BDDs shown in Fig. 2.3, Each node has three basic attributes:
an index of the input variable and two pointers of the 0- and 1-edges. Some additional
pointers and counters for maintaining the node table are attached to the node data.
The 0- and i-terminal nodes are at first allocated in the table as special nodes, and the
other (non-tetminal} nodes are gragualty generated as the results of logic operations.
By referring 1o the address of a node, we can immediately determine whether or not
the node is a terminal.

{n the shared BDD environment, ail isomorphic subgraphs are shared. That is, two

eguivalent nodes should never coexist. To assure this, befora creating a new node we

T

R e N il e .
r__‘.:hi(on\r._ Wi D il e :w\s:r&c_...\.‘. Y

always check the reduction rules shown in Fig. 2.2. 1f the 0- and 1-edges have the
same destination or if an equivalent node already exists, we de not create a new node
but simply copy the pointer to the existing node. We use a hash table which indices
all the nodes, so that the equivalent node can be checked in a constant time if the
hash table acts successfuily. The effectiveness of the hash rable is important since it
is frequently referred to in the BDD manipulation. In this technique, the uniqueness
of the nodes is maintained, and every Boolean function can be identified by a 1-word
address of the root node.

Ia a typical implementation, the BDD manipulator requires 20 to 30 Bytes of memory
for each node. Today’s workstations with more than 100 MByte of memory enable
us to generate BDDs containing millions of nodes, but BDDs still grow beyond the
memory ¢apacity in some applications.

2.2 LOGIC OPERATIONS

In many cases, BDDs are generated as the results of logic cﬁnqm:oam‘ Figure 2.5
shows an exampie for () - 23] V 23, First, trivial BDDs for 1.5, 05 are created.
Then by applying the AND operation between »| and s3, the m_uU for (o - r2) is
generated. The final BDD for the entire expression is obtained as the result of the OR
operation between (. - ») and 3.

The basic logic operations are summarized as foilows:

& Creating a BDD for a single variable function ;.
®  Generating f fora given BDD [,

#  Generating a BDD as the result of a binary operation (f o ), that includes
{f-gh(fvygland{f&yg)

®  Generating 2 BDD for [, ¢y fis. =13
m  Equivalence checking of two BDDs.

®  Finding the input assignments to satisfy f = 1.

Tn this section we show the algorithms of fogic operations on BDDs.
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{a) An example, (b} Structure of procedure calls.

Figure 2.6  Proccdurc of binary operation.

contain the same number of nodes, in contrast to the cube set representation, which
sometimes suffers a great increase of the data size.

By using binary operation ( f @ 1), we can compute J in a time linear 1o the size of the
BDDs. However, the operation is improved to a constant time by using the negative
edge. The negative edges are akind of attributed edges, discussed in Section 2.4, This
technique is now commeonly used in many implementations.

2.2.3 Restriction (Cofactoring)

After generating a BDD for f, we sometimes need to compute fiv=oy 00 fluz1y,
such that an input variable is fixed 10 0 or L. This operation is called restriction, or
cofactoring, If v is the highest ordered variable in f, a BDD peinted to by the 0- or
the l-edge of the root node is just returned. Otherwise we have to expand the BDDs
until = become the highest ordered variabie, and then re-combine them into one BDD.
This procedure can be executed efficiently by using the cache technique as the binary
operations. The computation time is proportional to the number of nodes that have an
index greater than .

PO RIL} s

2.2.4 Search for Satisfiable Assignment

When a BDD for f has been generated, it is easy to find an assignment of input
variables to satisfy the function f = 1. If there is a path from the root node 10
the 1-terminai node (which we calf /-path}, the assignment for variables to activate
the 1-path is a selution for f = 1. An excellent property of BDDs is that every
non-terminal node is included in af least one 1-path. (This is obvious since if there
is no L-path, the node shouid be reduced into the O-terminal node.) By traversing the
BDD from the root node, we can easily find a 1-path in a time properticnal to the
aumber of the input variables, independently of the number of nodes.

in general, there are many solutions to satisfy a function. Under the definition of the
costs to assign 1" to respective input variables, we can search for an assignment that
minimizes the total cost[LS9Q], which is defined as 3. (C, x x;), where C', is a
non-negative cost for input variable x;{€ {0.1}}. Many NP-complete probiems can
be described in the above format. ’

Searching for the minimum-cest {-path can be implemented by a backirack search of
the BDD. It appears to take an exponential time, but we can avoid duplicate tracking
for shared subgraphs in the BDD by storing the minimum cost for the subgraph and
referring to it at the second visit. This technique eliminates the need to visit each node
more than once, 30 we can find the minimum cost 1-path in a time proporttional to the
number of nodes in the BDD.

With this method, we can immediately solve the problem if the BDD for the constraint
function can be generated in the main memory of the computer. There are many
practical examples where the BDD becomes compact. Of course, it is still an NP
problem so in the worst case the BDD requires an expenential number of nodes and
overflows the memory.

We can alse efficiently count the number of the solutions to satisfy f = 1. On the root
node of f, the number of solutions is computed as the sum of the solutions of the (wo
subfunctions fp and f). By using the cache technique to save the result on each node,
we can corapute the number of the solutions in a time proportional 1o the number of
nodes in the BDD. .

{n a similar way, we can compute the truth table density for a given Boolean function
represented by a BDD. The truth table density is the raie of 1's in the truth table, and
it indicates the probability of satistying f = 1 for an arbitrary assignment to the mpit
variables. Using BDDs, we can compute it as an average of the density for the two
subfunctions on each node,
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Figure 2.8  Input inverters,

If necessary, the negative edges can be camied over as shown in Fig. 2.7(b). These
constraints are basically same as those in Madre and Billon's work| MB8R].

2.4.2 Input Inverters

We propose another attribute indicating that the O- and i-edges at the next node should
be exchanged (Fig. 2.8). Since it is regarded as compiementing an input variable of
the node, we call it an input inverter. Using input inverters, we can reduce the size
of BDDs by as much as half. There are cases where input inverters are very effective
while negative edges are not (Fig. 2.9).

Since abuse of input inverters can also breaks the uniqueness of BDDs, we also place a
constraint on their use. We use input inverters so that the two nodes fo and f, peinted
to by the 0- and l-edges satisfy the constraint: {fy < f1), where <’ represents an
arbitrary total ordering of all the nodes. [n our implementation, each edge identifies
the destination with the address of the node 1able, so we define the order as the value
of the address. Under this constraint, the BDD forms may vary with the addressing
manner, but the uniqueness is assured in the shared BDD environment.

2.4.3 Variable Shifters

When there are the two subgraphs that are isomorphic except for a difference of the
index numbers of their input variables, we want w0 combine lhem tnto onc suhgraph
by storing the ditference of the indicss. We therefore propese variable shiftzrs, which

pecanigurs of B0 Manipelation

Figure 2.9 An cxampic where input inverters are cffective.

indicate that a number should be added to the indices of all its descendani nodes.
We do not record information of variable index on each node because lhe variabie
shifter gives information about the distance between the pair of nedes, We place the
following rules to use variable shifters:

1. On the edge pointing to a terminal node, do not use a varable shifter.

2. On the edge pointing to the root node of a BDD, the variabie shifter indicates the
absolute index number of the node.

3. Otherwise, a variable shifter indicates the difference between the index numbers
of the start node and the end node of the edge.

As shown in Fig. 2.10, for example, the graphs representing (x1 ¥ {r2 - x5)),
{re Vimg - ag)) .. {(Tp ¥ {Zip1  Taez2)) can be joined into the same graph.

Using variable shifters, we can reduce the size of BDDs -~ especially when manipu-
lating a number of regular functions, such as azithmetic systems. Another advantage
of using variable shifters is that we can raise the hit rate of the cache ot operations by

applying the rufe:
Ly

ifoy=h)= ]



aUY2ew o uo
sapou gog "N 01 dn aBeuety ued 3m pue *spou 1ad smAg gz moqe st adeyoed s jo
auwrasinbar o8erols ay] (slayiys sjgeuea pue ‘stauasau ndw ‘sadpa sanedau) safpa
pangue paiuaweaidun am a8exoed sup up wesdoad ap Jo amionns papeiap ap

Suntspisuod noyim suonesijdde snouea 105 aSeyoed ay) 2Z1IN UED 3M UONELIQUIOD
w waty Suisn Ag  -afendur] D JO suoniunf se pazueinpow aJe suonelsde asayy

'sgag Sunojep pue ulkdo) =
wonsury e £Jsnes o) sindut jo wawudisse ue Jupuly  w
‘sucnoung om Jo Furxoayd uonexjduit 10 asusieanby =

YOI PUE
WOXT HO 'GNV ' LON $E uons suotessde aio; SmAdde 4q sag Sunwisusn =

4 X23pUl usaIf v
10§ Y puE ‘(AouMSISuod) ( {(ASopome) [ S Yons ‘suonouny JetALn gl Sutainy =

ISUOTIdUNY UBsjo0g jo suonteado 1enuasss syl pue mseq Suimoloy ay swoddns
a3exord stys pue 'apos O 1O saUl| O INOQE JO sisisucd weiScld Ayl 0y SQuUNS
‘NAQNPT) UonEISYIoM Qo/cuns © uo afexoed werSoxd (g ue pauswadun am

-

adexded ¥ 1'ST

‘sadpa painque jo
132112 a1 pur afexoed ¢prg syl so soveuuoiad o) Suneaeas siudunadxa Jo sinsa)
ay1 uaswg pue s8eyoed ggg ® Jo woneawadun ay; 3qUISSP am 'LONDAS SIYL Y]

SINFWITIIXT ANV NOLLVINIWATIINL  §°C

(of )4y = 3f fysues o1 0 3 ¢f anbun € 51
1oyt Y 3 Y Kue 205 e yons (¢ — §) ;Y7 Swiddew e suyap 1 £y Auelod g

ool UG SIASqTS 10 IAQUUAL T O1UT & UOLILEY (Y

- uonnmdng g o camimnnag

R

THAOYRYT
se *suotred oml URUL 240U SULARY JuHWnEIT 9G] pUMXs Sm 1 DaUIerdka ag Os[t uen
SIS QR Laauaaul Indul pue s25pe 2ane 33 N0g sutejdxa EawIngie 24090 At |

"£a3p2 pAanqUNE Sulsn JO uONeID]
a1 uo ojr oy daay 01 savy am 1B 05 ‘voneuasardar gy jo sssuanbun ayz syTalg
T 01 %g woly Fuiddewn [B512A32 Y) TRyl 00N fjey B 01 dn uononpal Qg serowscsd
snyp, “Ug ur Auo sydesdqns sy1 asn om pue ‘05 ot paddew st 19 i uonaung B 1o}
ydea3gns Qasz ' Suididde Ag -s8pa painqune 2yl Jo uonesado ayp siuasaxdyr o

()L = [ Asiies 01 0g > 0f
anbiun v §1 31 g 3 S Aue o) jeys yons ‘(¢ — &) ;-  Swddew e augag 'z

Lo pue UG sasqns om) 3y 01 & apaLg [ -

:patuasaadal aq of sucnauny UTajoog A
[1¥ Jo 198 a1 89 & 12T "58pa PANQUNE UE 3UHSP 01 POYISW [RISUIT ¢ mOUS oM JIOH

UOHEIIPISUO)) [RIDUY  $'°T

NOXF PUE 'Y NV SE ans uouesado nido)
AIeng v S o 212y pue f Wwo) iy AQ PIIJIRS AIe SIOPUL ISOYM TONDUNY T S S A1agm

SIS Jjares  O1°Z NSy




el -

Tabie 2.1 Experimentai results.

Circuit - Circuit size BDD Time _

Tnputs Qutputs Nets | nodes  {sec) |
seld 12 2 29 78 (K]
encd 9 4 31 36 0.3
addB 18 9 63 119 0.4
addlé 33 17 1269 239 (0.7
mult4 8 8 97 524 0.5
muits i6 6 418 66161 24.8
432 16 7 203 | 131296 53.5
c499 41 32 275 69217 22.9
cB80 60 26 464 54019 17.5
cl355 41 32 419 | 212196 899
i 1908 33 25 938, 72537 330
c5315 178 123 2608 | 60346 31.3

2.5.2 Experimental Results

u.,o evaluate the efficiency of the program, we generated BDDs from combinational
circuits. Notice that in this experiment the BDDs represent the set of the functions of
not only alf primary outputs but all the internal nets. To count the number of nodes
exactly, at last we execute garbage collection, that is unnecessary in practical use. We
used the heuristic variable ordering: Dynamic weight assignment method, described
in Chapter 3.

The resuits are listed in Table 2.1. The circuit “sei8” is an 3-bit data selector, and “enc
8" is an 8-bit encoder. The circuits “add8"” and “add16™ are 8-bit and 16-bit adders,
and “muld” and “muit8” are 4-bit and 8-bit multipliers. The rests are selected from
the benchmarks in ISCAS 85{BF85). The column “BDD nodes™ lists the number of
the nodes in the set of BDDs, and the total time for loading the circuit data, ordering
the input variables, and generating the BDDs is listed in column “Time {sec).”

The results show that we can represent the functions of these practical circuits quickly
and compactly. It took less than @ minute to represent circuits with dozens of inputs
and hundreds of nets. We can see that the CPYU time is almost proportional o the
number of nodes.

ces of R0 Mumpuianos L

[ s T

. Table 2.2 Effect of anributed edges.

_ (A (B) © (DY _
Circuit BDD Time’} BDD Timel BDD Time! BDD Tune
nodes {sec} nodes (sec){ nodes {sec)i nodes {sec)

sel8 78 03 51 03 31 G4 40 03
ency 56 03 43 0.3 43 03 33 03
add3 119 0.4 gt 04 81 0.4 49 04
add16 239 07 16t 0.6 161 0.7 97 06
mult4 524 05 417 03 00 04 330 05

muit8 66161 248 527530 19.1 50504 198 46594 (83
c432 131299 555 | 104066 36.5 | 103998 36.3 39338 341
¢499 69217 229 65671 213 36986 21.8 36862 215
c880 34019 173 31378 10.8 30903 1.1 30548 115
c1355 | 212196 89.9 | 208324 493 | 119465 52.8 | 119201 514
c1908 72537 33.0 | 60850 21.6 39533 223 39373 225
¢5315 60346 313 48353 .29.2 41542 28.6 40306 29.8
{A): Using nothing, (B): (A)+ output inverters,
(C): (B)+ input inverters, {DY: (C) + variable shifters

To evaluate the effect of the attributed edges, we conducted the similar experiments
by incrementally applying the three kinds of attributed edges. The results are shown
in Table 2.2. Column (A) lists the results of the experiments using original BDDs
without any kind of attributed edges, and column (B) lists the results obtained when
using only negative edges. Comparing the results, we can see that the use of negative
edges reduces the number of nodes by as much as 40% and speed up the computation
markedly.

Column (C) lists the results obtained when using both input inverters and negative
edges. The number of nodes is reduced owing o the use of input inverters, but there
are no remarkable differences in CPU time. Input inverters were especially effective
for the circoits “cd499,” “c1355,” and “¢1908,” for which we can sec up 1o 45%
reduction in size.

And as we can see from the resuls listed in column (D}, the additional use of the variable
shifters reduced sraph size still more without producing remarkable differenccs in
the CPU time. Variable shifters are effective especialiy for the circuils with regular
structures, such as acthmetic logics, and w= can also see some effectiveness for other

zireuits.
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{a) Circuit. {b} In the best order. {¢y In the worst order.

Figure 3.1 BDODs for a 2-level AND-OR circuit.

They are applied to the practical benchmark circuits and in many cases compute a
good order.

Fujita et m_._mZ_xo: showed another approach that improves the order for the given
WUU by repeating the exchange of the vanabies. [t can give results better than the
initial BDDs, but it is sometimes trapped in a iocal optimum.

In this n:.mﬁ.ﬁﬁ we discuss the properties of the variabie ordering for BDDs and show
two heurislic methods we have developed for variable ordering.

3.1 PROPERTIES OF THE VARIABLE ORDERING

The variable ordering of BRDDs has the following empirical properties:

I, {Local computability)
‘.?n group of the inputs with local computability should be near in the order.
Namely, inputs that are closely related shouid be kept near to each other
Consider, for example, the BDD representing the functicn of the AYD-0R 2-level
fogic cirenit with 2: inputs shown in Fig. 3. 1al [ takes 2n nodes under the

Safte Cirepriaa ror (i :
BT A P FEAAN -

(b} In the worst order.

(a) In the best order.

Figure 3.2 BDDs for an 8-bil data selector.

ordering iy - ro Vg uy V. Y Fapn S {Fig. 3.1{b}), but under the ordering
Ty Fppl VL2 Engr V..V Ty 22a I takes (22" — 2] nodes (Fig. 3.1{c).

2. {Power to control the output)
The inputs that greatly affect the function should be located at higher positions
in the order (nearer positions to the toot node). Consider the BDD representing
function of an 8-bit data selector with three control mputs and eight data INPuULs.
When the control inputs are high in the order, the BDD size is linear (Fig. 3.2(a)),
whereas it becomes an exponential number of nodes using the reversal order
(Fig. 3.2(b).

¥ we could find a variable order that satisfies those two properties, the BDDs would
be compact. However, the two properties are mixed ambiguously, and sometimes they
require the contlicting orders with each other. Another problem is that when muliiple
functions are represented together, those functions may require different orders. It is
difficult to find a point of compromise. For large-scale functions, automatic methods
giving an appropriate solution are desired.

There are two approaches to the heuristic methods of variable ordenng:
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Tabie 3.1  Effcct of vanabie orderng.

{A) {B) (C} (M
Circuit | BDD Time BDD Time| BDD Timgd BDD Time
nodes  (sec] nodes (sec)| nodes {secy nodes {secy
5¢l8 23 041 16 0.1 310 0.1 88 01
ency 28 0 28 0.1 23 01 29 01
add$§ 41 0.2 33 o1 222 02 885 0.2
addl16 3 03 171 0.2 230 04 19224 1.4
mult4 150 1 139 0.1 145 0.1 153 0.2
mult8 10766 2.7 9257 24 9083 2.2 15526 4.1

cd32 7302 4 3987 1.2 1732 0.7 ) (=500k)
c499 32369 7.2 115654 1.6 43921 7.7 | {>500k) -
880 23364 2.1 | {>300K) - (500K - | {500k -
¢1355 1 52360 8.1 1153654 154 , 45021 .4 1 (300K -
cl908 171290 5. 23258 4.8 36006 97 77980 2315
c5315 31229 94 57584 8.1 W (= 500k) - | =500k -

{A): Using dynamic weight assignment method, (B): in the original order,
{C): In the original order {reverse}, {[3): In a random order

3.2.2 Experimental Results

We implemented the DWA method using our BDD package on SPARC station 2
(32Mbyte, SunOS 4.1.3), and conducted the experiments to evaluate the effect of
the ordering method. The results are listed in Table 3.1. The circuits are the same
ones used in Table 2.2. The column headed “BDD nodes” gives the number of the
nodes of BDDs for the output functions, not including intermal nets. We used negative
edges. “Time (sec)” shows the 1otal time of loading the circuit data, ordering the input
variables, and generating the BDDs. The columns (B},(C) and {D) shows the results
of the experiments without the heuristic method of variable ordering. For column (B}
we use the original order of the circuit data, for cotumn (C) the order is original but
the reverse of that for (B}, and for column (D) the order is random.

The ordering method is very effective except in a few cases which are insensitive 1o
the order. The random ordering is quite impractical. The use of the original order of
the circuit data sometimes gives a good result, but it is a passive way and i cannot
always be good. We can conclude that our erdering method ts usefn! and essential for
many practical applications.

IR S A P ey o
Pursadie Ooderiag for BODG .

3.3 MINIMUM-WIDTH METHOD

In this section, we describe a heuristic method based on reordering the variables for a
given BOD with an initial order{Min92b]. In the following, n denates the number of
the input variables.

Several ordering methods based on the reordering approach have been proposed.
Fujita et al[FMK91] presented an incremental algorithm based on the exchange of a
pair of variabies {,..,4 1), and Ishiura et al.[TSY91} presented a simufated annealing
method with the random exchange of two variables. A drawback of these incremental
search methods. though, is that their performance depends very much on the inital
order. If it is far from the best, many exchanges are needed. This takes longer time
and increases the nisk of being trapped in a bad Jocal mmimum solution.

We therefore propose another strategy. We first choose one variable based on a certain
cost function, fix it at the highest position (z,7, and then choose another vanable ang
fix it at the second highest position (i, ..1). In this manner, all the variables are chosen
one by one, and they are fixed from the highest to the lowest, This algorthm has no
backtracking and is robust to the bad initial arder. In our methed, we define the width
of BDDs, as a cost function.

3.3.1 The Width of BDDs

When choosing 1t (1 < & < n), the variables with indices higher than & have already
been fixed and the form of the higher part of the graph never varies. Thus, the choice
of 1y affects only the part of the graph lower than x,. The goal in each step is to
choose the »y, that minimizes the size of the lower part of the graph. The cost function
should give a good estimation of the minimum size of the graph for each choice of 1y,
and should be computable within a feasible time. As a cost function to satisfy those
requirements, we define the width of BDDs here.

Definition 3.1 The width of a BDD at height &, denoted widthy,, is the number of
edges crossing the section of the graph between iy, and iy, where the edges pointing
to the same node are counted as one. The width between .1y and the bottom of graph
is denoted wridthy. [}

An examgple is shown in Fig. 3.4, the width, is sometimes greater than the number of
the aodes of ry because the width also includes edges that skip the nodes of




Sl (v b ey = T

g T A1

:suoneiado o180f Jo 2ouanbas
Buimol[oy ay) Ag patapdwos aq ued Lr pue " uadmiaq SRURLOXDS Y] SIIQUUEBA
3o med v jo o8ueyoxs aqt Suneadal £q 1no pawued s1 sa{geuEa Jo Sunrapioss ayj,

Styppun sIndwon 01 YNOLLIpICL Sl R

Y URyy Jamo| AU 18 SIPOU IR JO F2qQUINU Y] JO
PUNOg Jomo[ B ST 11y pun asnesaq a81v| 1—Yyypui SGIYRW PIOAE JONI PRY2M, =

“JOPLO TBULUL 3Y] JO UOITELIBA O 9ATIISUSS JOU 8% 11 “Blofuay [ "I~ Ll

SA[QRLIEA 13MO0T U JO J9pL0 A Jo Juspuadapur s 1=Yyypun Ve SWsooip U W

I2STIEORG UOIIDUNY 1500 B S8 Ipta O 380 01 3)QEUOSEDS 81 ]

AP0 RO Ayl Ul ucinsod 1SS S} I UD AL} 3S00YD am 1TV T AURS
A1 i SHRPINLED OM] BIR UM J] POYI2W YD 3yl WYILOSIE suyy e

POYIME YIPia-NWn Dy §'¢ R3]

EE\

SIHIEIIEA
3O 153%

B.:?Emmw:"._—hwwuu—nnnn“ = | sdumpxg

3|qe1iEes FUISO0Y )}

paxy Apeaipe

SHQPIIBA |
AN

£A 74 13

mr COHT 0T Buiaanagy 1G0T

EL VR IR L T HT g SIALE JRYL T Q004D MmO p I U UMOUE S WO
1803 Ayl 01 FUIPIONOE 1S3MO] Y1 O 15AYBIY Y WOy U0 AQ U0 UROVD AIB SAUTLIA
ot put ‘Ydesf ay Jo AUXHAOd Y NBWNSS 01 ST 10 YIPiM 241 5380 poylall 10y

wipLesly  7'Ce

0 AAreooes trohrd jo uopomuied
Kup 1of sarpa desau Vyipun 40faddy | UepIQ FqUind wiaoftun g madafiip o
yrim Spanbrun papuasaidal JIs 240 £ay] 2snp0aq ABUDY: JoU 520p SUOnSUNfGnSs Ayt Jo
12quint 2y} s3)qpLIpa 3say) fo volDmwIad Lub 40,4 J3pi0 GDLID Wioftun b yiim
$(1e1s g periasaidas Gpantnun aap (e 2¥Yr 14Yr) sapqoriva ayr o7 o\ {170}
anpa upajoog fo suonpuquios syl |jp Buldisso g paulniqo suouIuNfgns ayi 11y

et M 1Yr] Jo vonpmuniad (up Jof wpisuos st Yyypn syl
JuawudissT 2yl Jo 13pa0 2y1 jo juspuadaput st suctsunjans fo saquant j0o; 2y} asnpiay
e B VE Y sagDLBA YL OF o {1 ) sanpa upajoog fo SUOHDUIGQUOD BY)

1jp Bwudisso £ paurpiqo suonosunfans {o dsquimu 1070; 2y} sjuasaadas Tyypun (foord)

: ﬁ FAREERNS o I..._,.._..,wq Jo woupmuiad {uv
pup AE ey } .MQ uanppmad Kup 2of Jumisuos s Nypypun Y FC WRIIE T

‘SCICIH JO YIplm 24) U0 Wwasoal)) Suimo|]o) ayi suasaad ap

CUE B0 Gy pg aantlg







-9 TADRIG MABUITA 10 DO JNSLMBYU 1340 mﬂm.:wﬁ._ﬁ...,nu A [RIaRD e SUIRLDT ANy
TiakOUEE 05 A TN 884 "IRASH MK TUOLIRILOIUL JIRDID 241 U0 pIseq sDOYISW
ansumay syl Juisn £ pauieiqe asoys o1 [enba 1SOWE are ULIRPIOaT 18YR SIY S JO
$3Z18 DU L UIPIO 183G AY; AJI9CXS 238 IBYE SPOIW UBL JSIST] [{11S ST 1L ING ‘atun Jaduo)
SaNB} 1] CSUONOUN| 2[U0§-951] 101 IATIOZ]}S OS|E ST POYIaLU IRC *¢'¢ I[ATL Ul UMOUS Sy

"7°E VOIS 1T PAGLIISAP ST YOIYA ‘POYINAL W4 2YI POSH 34 “1aDI0
Jesitul pooE e uiex|o 01 05 I9pLo WOPUES B W QY el fNeisusd o1 paeadwod
00y pue 382e] 001 UL SHNINI YL {CQIFICE. SVIS] W SHNLD YIeysusq oY) woy
U3soU2 w1am SUonosuny ay ], “sajdurexa 1a8sef SU1sn SU0p usYy; alam siwslLdx s IR)ILNg

"SIAPIC [N sTIOURA 2y andsap sijnsal pood saa1d Apueisuoo popaw
Ine ey 0N CHonaun) Jtawwis B st yolm | Cwidsg,, 1oj 1dasxs ‘sardwexas oy 1o
150W J0] A[QENIRW) SCIQY JO SZIS AU DNPAI ULD POt INO JEY1 MOUS SI[NSal auy,

£'68E9 | 0ZLT | 62ZIE | €21 | 81 CIEgo |
| €262 | 0018 | 6Zisl f 6T | €g 80612 |
P OpLE | vlle | 69eET | 9T | 09 088 |
| 9'C9LY | 8820V [ 69€2 | ZTE | Ip 66%2
EBRL | 1961 1 20€LT | L 9¢ TEPD
. (oas) gy aiojay ;
Poawiny $3pOU (1G9 ,.._._Okm | vonound |

“sojdWEx D HEs- 33y 30y SHNSIY  ¢F Mqel,

et (L688) 16 | (68b1°6ES) 8168 |8 | ST | z8a |
LPRT | 90E1-CE6)  STOTHL | (IOTEL-98EE)  €16E8 | § | ST | wdnpe
00 (= B O o (o U AN wiAse |
O R A E 7 B O € (tgpp) o7t 01| ¢ 1dxg
| 6TrT-8L70) LESET | (€9EC-98PT)  9°C96T [ § | O | oumw
611 (iv-1v)  O'Fp (€6:TS€)  L71SS |6 | L1 | gioppe
Ay go¢ar ror L (ewwr wer | r |6 goua
| 0€0 (stier __gTT @izl  vig |7 T 8128
| {0as) | 1Y 2i0jag N
pawiy | (CXEJN-ULA)'OAY ISIPOU AQY o] oy tonennd

“pOyLAL WIpLA-Lenww dy) Susn Jo SNy 7C FR]L

Ciman .
SRS 20Ty T
. R )

(SCRCly RN SUNTIAUAE 1) POPSAt WD oYl SUIPR[at} S E O 24 20 aurn
Funopso ofrIoAn dyI S, (02Y) A, CBULISPIC IJT PUE S105Ed SAPOT 2 10 sLau
2SEI0AT PUR "INUIILIL ‘WNUIXEL 2Y; $1S1| 91gE] AL OSB3I 4ars U POYISW Sulapiu
o paydde pur ‘SIopSo WOPIE] UT S E B (}] PILIBUSE D% 1210 [ELEL 3y U0
spusdap Apraif poyteur Suuapiont oyl Jo asueuliopad syl canbruydd QGH paseys
a1 Suisn Ag suenouny mding apdimw se[pury weifoid g sindine adnnw aavy
SINasio asay) ‘FerausB Ul ([980P19E, DV Ui SINDILD HITUIY DL M) WOL] UISCL S 210
SWAN 13YI0 Ay "¢'Z UOTIDAS UL PAsN SAUC DUIRS oifl 3T olnwy,, pue  ‘gppe, | 'gous,
LigI9S,, *2IQel SIYY U] CZ°f AKgRL Ut pazurunung are se[dwexs qwos s0f synsaz oy ],

safpa sannfau
pasn 2a%  'SCICEE [ENIW a1 01 poyiawr Sunepio ino parjdde pue sajgeBLRA YO 23PI0
uenas ¢ ol snaoan y8op uaard Jof sQAQ remul paerauad as ‘sjwawadye o uj

‘apou fad sa1Ag
17 IN0qE $1 SQAY 10) JUaAMbal AFOWals 34 ] “++) pue ) Ul uanim st ureiBosd aup

pUuE ‘(214G N Z€ ‘1 1P SOUNS) T UOHRIS DPVS B PISH 3p "UONEN]EAS UR 1OJ SIUSLL
-uadxs JWOS pIONPUOY PUE “3A0QE PIQLIISSP POLINY BULiapio agt pausuraidit o

synsay [Euawiradxy  ¢¢E

o0 153 AYF ATIDEXS BUIXS3S SU{ILOFR [RUOHUIALOD JO TRY) UByl §50;
Ajqusaptsuon s Arxardwes sty -ssadoad Sunapio oyl Suunp sqay Jo 0715 d5EIIAE
ay) st o AdYm {9 u ) s poylewr 1Mo JO Axapdwon swn gt *Furjeads Alg3noy

"SAPOL PRHSIA FY} 1O ISGUNE MYl 01 [ruotiodosd
awn B W Ypgpen Ay Andwiod ues am Y Uyl JayBi sucnisod 1e sapou sy Fuis1asnn
Ag curcco ety Ty sajgees a1 01 {1 ‘) sanjea Jo uonewiquos Aue Juiudisse
£q pamrigo suoudumgns jo lagunu A Junencd Aq pandwes 2 wed Yy )

-A13ornb saow paSueyoxs ag Ued SIGRUEA 22BN Ay o eyl 'y pue
“r weyr uomsod Jaygiy € IR SBPOU 211 Jo Jaqueny iy 0) [euctuodoxd si awn vonerado
syl i pue e uey 1omo) ydedd sy Jo ued a1 Jo asiaaen) ou saunbal uoresade sy}

=54 p="r iy
=1Lr 1=t 10y
T="%r g="rr 10

p=*tr =" :0f

(SMOT)O] se 1T pUR T $DJQEMEA OMY Y
o1 1/ anea v BUILBISST AQ POULRIQO SLONRDURIGNS A are T1f pup 087 100000 Siqum







‘st voneindwics 3uof B soye] SAWINAWOS 11 YENOYITE ‘9ZIS (JCIH
Buronpal Gt aAlIe)fs A134 1 POLISLU STY ] "UOTISSf|02 38eqles oyl st 1snf ‘A[[esnBiucing
pajoaut s $$3004d ursapoat Y] “azis pay1oads B 0) Mo13 ST 21 WN Ktday “1apio
9)geliEA B UIBIUIELW pUE autULaap Jlasit aSeyoed (g oy Suiaey uo paseq st 3]
‘Teepnyllapny Aq paruasard £j1usass ‘Suriapio 21GDLIDA SHUbULP D11 S§ POYIAU AULIOM
-210U U0 pUE ‘Afaalsuann paipms Fulsq [f1s sie SuPdpIo B[GeEA JO senbluyoa) At |

‘suoneoidde ay) 01 JulpIoade PAOIJIS SPOLISLE SNSLINGY SWOS Yiim
Op et J0JAIAY) J|tm 34, AU feoudesd © i 1opio 152 spuy sAemie el Sunapic
2qeuRA JO POYIU B dARY 07 21qIssodiul 1o §1 30 1Y) sarpdun siugp aajdwos g
10 SSBID 3 Ul st 19p10 1830 3Y) Juipuy wipoSie ue ey paacsd sey [¢a L HL]TE 19
lum]  CsHRsAt 200d SA1E ASIp UOTym Ul SOSED QUB 223Y) ‘SOnSLINSY AJUO R SPOYILW
asay) 2eNRI3G 10 ‘swajqaud [eansead Luew 1oy sinsai pood Apirey seatd aousabas iy

"yo1e3s [eaof [Rusasow ue Sursn Aq uoneziumdo [euy s§) O g

"POUISWF IPI M -LIMLIUIE DY) SB LITE *351uas
[EQuIE ¥ ylm oilsuney paseg-aSueyoxs we Aldde ‘sQiag Jo 2418 241 SoRpal 0, 7

"pouIauL Waa (T SL1 SE yons
‘onsunay paseq-£A8o10dot B £g UsATE 13pI0 [RINM OB YN SO E SIeIies 181 ()

:lautelt SUrmolio) 31 Ul SPOYIaW SHSUnay
asay Aldde o) aanosfa St teys syEdpur SULISPIO DGELIRA SUI JO VONEN[RAD SIYL

"W 2|qEHOSRA [111§ 1ng Ja8uo)] ¢
U! POUISHT WAN U3 L) SIINsal Japaq saAl8 poyiatl STl 'sased AUl U UOHBULIOU!
fruonppe Buisn noua (g waald e tof 2apio seudosdde ue spuy ‘puey sago
Y} v POYISIU YIPIM-LUMILIUIW 34 ] *SIM) [edanoead Auews ao) awel uoneyndwad
HIOGS € uf 13010 jqeidssse ue spuy poylst Y 24l TR MOUS $I[NSal [Rudwuadxg
"suonesado 0180) Jo aouenbas ayf sayisads wey) nnoa 0d0) 10 uorssadxs ueajoog Ay
1o voneuciu: remBorodol Ut 01 $19§A1 31 CSGQE Suneiauag siojeq 1aplo sweudoldde

UT §PR QU0 SRS AU | POUIDE BIPa- WAL QYT PUR POYINL WAL TE DU $PoUlaw
PAMDYS SABG DUT 'SULIDDIC SIGTIIRA JO S0iL0doud POSERIEIL GADU Ga;

N

SIS

NOISTTINOD ¢

"QUOFE SPOYIAL D] O D UBY] JAITII]]2 2I0W S§ HONBUIGLUOD JY) 1RYT MOYS puc
“prf 9)QEL UL PIZURWILLNG 318 SPOYTIW JO UONSLIGIOD B 4ons Yum studwisdxa Jno jo
synsa ey -uonezoundo feuy gl Joj yaueas jeuawoardw g Aidde zayl pue ‘jsay je
pOYIStY YIPIm-tinuTE i Apdde 01 2A7309)32 S131IRLL SPNIUOD OF ST P3| $1NS?I 25 §

"AUN 183G YT OF IS0
ANUTISUCD BlE SIS U ING 'J2PI0 [BIHUL 93 UBL 1aN3G NS B S3juEIEnS 10U saop
‘PUBY JAI0 MY U0 ‘PO HIPIM-WRLIILIW 31 ] “fapJo [entue ay) uo spuadap Apeard
108}J9 Yl INQ JOPIO [EHIUL AUE UBY] 9SI0M SINSA) S3A18 JaAdU [AIBAS |RIUSW IO
ayl -seruadoad fewswadwod savy spoyiaw FULBPI0 OMm1 MY LYY MOYS 'f QUL
ur palsl) SINS3I 2U ] “SISPIO WOPLEL ] PUE SSUD 1S10M PUE 1520 24l SIapIO [N
STOLIEA 10] GOIOUA) 3WWES 31) o1 spoylawt Suniopio oq paydde am ‘saidwexs saiy
104 "SOCHE 2Up JO 9Z1S 341 $aonpa 23UEYIxXD 3 J1 1310 Y25 01 1xau sa|qeles Jo ned ¢
safuByoxa yeyl pOyYIaw € pRUAWAdiul apy "POYISUL YIIRIS |RIUMUDLOU Y] PUE pOLIaLL
pptm-unteear 3 jo satpadard ) aredwod 01 wauadxd BUIOUT PAIINPUODY

TAPI0 [EIE WIBLISD © YHA SCIQE © $22tbal 111811 PUT UCHBWIOJU 1M AU
Buisn spoOYISLEL HISLIADY S URL DL 210W SAYE) 1 J8UE UE POYAW Jno Jo siod ¥eas

I 1L801 01948 ral CISEY | (Wwopuel)
b oos <09¢ 90g 1 1911 | (peq)
i LY | LEOI ZROT LEOT {pood} eydnje
“ 01y CRLIE oIt JAS {wopues)
It 9071 _ i LLET (PBY)
I+ It It T+ ! {pood) gisppe
10T L1g 87 ¥ {topue)
w2 LT e 01¢ (peq)
L 61 9l 61 91 (pood) gles
GONRUIQUIOT) | YJTBas [BD0T] | IPIAA-ULA | 19pa0 ety !
sapou GOy uoIOURf |

EPOIDI RS FEIUNMEMIE Yile vosuedivoy  pg 2E],

ayes




REPRESENTATION OF
MULTI-VALUED FUNCTIONS

I many practical applications related to digital system design, it is a4 basic technigue
i use ternary-valued functions containing dop’t care, In this chapier. we discuss the
methods for representing don’r care by using BDDs, These methods can be exiended
to represent multi-valued logic functions which deal with integer values.

4.1 BOOLEAN FUNCTIONS WITH DON'T CARE

A Boolean function with donr't care is regarded as a function from a Boolean vector
input to a ternary-valued outpui, denoted as:

Foao 1" — {0 1.d}.

where « means don’t care. Such a function is also called an incompleteiy specified
Boolean function. In the following sections, we simply call such a function ternary-
valued function.

Ternary-valued functions are manipulated by the extended logic operations, and the
rules of the logic operations between two ternary-valued functions are defined as
follows:
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{a) At the highest position. b} At the lowest position.

Figure 4,2 D-variable,

Using D-varabie, we can discuss the relation of the two representation: the ternary-
valued BDDs and the BDD pairs. In Fig 4.2(a), the D-variable is ordered at the
highest position in the BDXD. When the D-variabie is reordered io the lowest position,
the form of the BDD changes as shown in Fig. 4.2(b). In this BDD, each path {rom
the root node o the 1-terminal node through the D-variable node represents an input
assignment that makes fo = 0and f; = 1, namely f = « {don’t care). The other paths
not through the D-variable node represent the assignments such that f = 0 or f = L
{Notice that there are no assignments o have fy = 1 and f; = 0.) Therefore, if we
regard the D-vanable node as a terminal, this BDD corresponds to the ternary-valued
BDD.

Consequeniiy, we can say that both the termary-valued BDDs and the BDD pairs are
the special forms of the BDDs using the D-variable, and we can compare the cfficiency
of the two methods by considering of the properties of variable ordering. From the
discussion in previous chapter, we can conclude that the D-vanable should be ordered
at the higher position when the D-variable greatly affects the function.

Pt e o e

Figure 4.3 A muiti-rermimat BOD (MTBGI

4.2 REPRESENTATION OF wOOrmPZ-,H,O-MZ%mQMN
FUNCTIONS

Extending the argument about termnary-valued funclions, we can represent mulii-
valued logic functions by using BDDs. In this section, we deal with the functions
from Boolean-vector input to ae itteger output, denoted

fo{oy - f

Here we call such functions Boclean-to-Integer {B-to-1) functions. Similarly to the
ternary-valued functions, there are two ways 1o represent B-io-1 functions using BDDs:
Multi-Terminal BDDs (MTBDDs) and BDD vectors{Min93a].

MTBDDs are extended BDDs with multiple terminal nodes, each of which has an
integer value {Fig. 4.3}. This method is natural and easy to understand, but we need
develop a new BDD package to manipulate multi-terminals. Hachtel and Somenzi et
al. have reported several investigations of MTBDD[BFG* 93, HMPS94]. They call
MTBDDs in other words, Algebraic Decision Diagrams (ADDs).

Using BDD vectors is a way to represent B-to-1 functions by a number of usual BDbDs.
By encoding the integer numbers into #-bil binary codes, we can decompose 2 B-to-1
function into = pieces of Boolean functions each of which represents a digit of the
binary-corded number. These Boolean functions can then be represented with shared
RDDs (Fig. 4.4}, This method was mentioned in the work[CMZ793].

Herz we discuss which regresentation is more efficient in terms of size. We show twa
axdrome exampiss as follows:
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Bit-selection

variables MTBDD

BDD

vector . .
Bit-selection

variailes

(a) BDD vector with {h} MTBDL with
t-selection variables. hit-selection variables.

Figure 4.7 But-sclection vanables.

[n addition, we exlended the arguments to B-to-| functiens, and presented two methods:
MTBDDs and BDD vectors. These methods can be compared by introducing the
bit-selection variables, similarly to the D-variable for the ternary-valued functions.
Based on the techniques for manipulating B-to-I functions, we developed an arithmetic
Boolean expression manipulaior, which is presented in Chapter 9.

Several varianis of BDDs have recently been devised in order to represent muiti-valued
logic functions. The two most notable works are the Edge-Valued BODs (EVBDDs)
presented by Lai et al.|LPV93] and the Binary Moment Diagrams (BMDs) developed
by Bryant[BC93]. EYBDDs can be regarded as MTBDDs with atiributed edges. The
attributed edges indicate that we shouid add a number to the outpui values of Lhe
functions, Figure 4.8 shows an example of an EVBDD representing a B-to-1 function
tep + 2wy + 4ir3). This technigue is sometimes effective to reduce the memory
requirement, especially when representing B-to-1 functions for linear expressions.

BMDs provide the representation of arithmetic expressions by using a structure similar
to that of MTBDDs. In 4 usual MTBDD. each path from the root node o a terminal
node corresponds to an assignment to the input variables. and each terminal node
has an output value for the assignment. In @ BMID. on the other hand, each: path
correspends 1o a praduct term in the alyehraic expression and cach terminal node has

Figiii-Veldiddid ¢ Lriiiein

Figure 4.% BMD for {1 + 2o <+ d23).

a coefficient of the product termn. For example, a B-to-{ function for {wy + 20y + .E,. i
becomes a binary tree form of MTBDD, but the algebraic expression contains only
three terms, and it can be represenied by a BMD as shown in Fig. 4.9,

Multi-vatued legic manipulation s important o broaden the scope of BDD apolica.
tipng, Presentiy, a number of studies on this topie are in progress. These techaiques
are useful not only for VLST CAD hut alse for various areas in computer scienee,
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Figurez 5.1 1-path enumeralion method.

in the remainder of this chapter, we first survey a conventional method for generating
cube sets from BDDs. and next we present our algorithm to generate prime-irredundant
cube sets. We then show experimental results of our methad. followed by conclusion.

5.1 PREVIOUS WORKS

Akers[Ake78} presented a simple method for generating cube sets from BDDs by
enumerating the i-paths. This method enumerates all the paths from the root node to
the 1-terminal node, and lists the cubes which correspond to the assignments of the
input variables to activate such paths. In the example shown in Fig. 5.1, we can find
the three paths that lead to the cube set:

' J— PR—

{ry aad ¥ g T2 71 VAT

.

in reduced BDDs, all the redundant nodes are eliminated, so the literals of the
eliminaied nodes never appear in the cubes. In the above cxample, the first cube
contains neither . nor 71 All of the cubes generated in this method are dizjoint
because no two paths can be activated simultaneovsly.  But although this methed
2an sensrate disjoint cube sets, it does nor necessarily give the minimum ones. For
axample, the lieral of the mot node appears in every cube, but some of them may he

: derable redundancy, i ferins of warnber ol cihes of ;
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. - ooy o
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Jacobi and Trullemans[JT92] recently presented a method for removing such redun-
dancy. It generates a prime-imredundant cube set from a BDD in a divide-and-conquer
manner. On each node of the BDD, it generates two cube sels for the two subgraphs
of the node, and then it combines the two by eliminating redundant literals and cubes.
In this method, a cube set is represented with a list of BDDs each of which represents
a cube. The redundancy of each cube is determined by applying BDD operations.
Although this method can generate compact cube sets, it lemporanly generates the fists
of redundant cubes during the procedure, and the manipulation of such lists sometimes
requires a lot of computation time and space.

5.2 GENERATION OF PRIME-IRREDUNDANT CUBE SETS

in this section, we discuss the propertics of prime-trredundant cube scts and present
the algorithm for generating such cube sets directly from given BDDs.

3.2.1 Prime-Irredundant Cube Sets

[f a cube set has the following two properties, we call it a prime-irredundant cube sel.

»  Each cube is a prime impiicant; that is. no literal can be eliminated without
changing the function.

®  There are no redundant cubes; that is, no cube can be eliminated without changing
the function. Jrredundant

The expression ryz v +7%, for example, is aot prime-imedundamt because we can

eliminate a literal without changing the function, whereas the expression vz | 7 13
a prime-irredundant cube set.

Prime-imedundant cube sets are very compact in general, but they are not always the
minimum form. The following three expressions represent the same function and ail
of them are prime-irmedundant:
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Figure 5.3 An cxampic of using the ISOP aigorithm.

If the order of the input variables is fixed, the ISOP algorithm generates a unique form
for each function. In other words, it gives a unique form of cube set for a given BDD.
Another feature of this algorithm is that it can be applied for functions with don’t
cares.

This algorithm is well suited to BDD operations because:

w»  The subfunctions f; and f; can be derived from f in a constant time.

®  Many redundant expansions are avoided automaticaily because the redundant
nodes are eliminated in reduced BDDs.

® BDDs enable fast tautology checking, which is performed frequently in the
procedure.

Although it is difficult to precisely evaluate the time complexity of this algorithm.
In our experiment, as shown later, the execution time was almost proportional o the
product of the initial BDD size and the final cube set size.

5.2.4 Techniques for Implementation

In our aigorithm, ternary-valued functions inctuding the don’t care value are manipu-
lated. As described in Chapter 4.1, we represent them with a pair of binary functions
{1£1.[51). In this method, the tautology checking under a don't care condition

Grengration of Cube Sets from 300

"l
-k

can be written as [f} = L. The special operation for memQém_rm@ functions can
» be compuied in the combination of ordinary logic operation for [ /] and [f]. For
exampie, the temary-valued operation

can be written as:

(Lol TRty =il -TAT. Th

We noted earlier that Zsep is obtained as the union set of the three parts, as shown in
Fig. 5.2. To avoid cube set manipulation, we implemented the method in such a way
that the results of cubes are directly dumped out to a file. On each recursive call, we
push the processing literal (o a stack, which wae cail a cube stack. When a tautclogy
function is detected, the current content of the cube stack is appended to the outpui
file as a cube. This approach is efficient because we manipulate only BDDs, no matter
how large the result of the cube set becomes.

Our method can be extended to manage muitiple output functions. By sharing the
common cubes among different outputs, we obtain a represeniation more compact
than we would if each output were processed separately. In our implementation, the
cube sets of all the outputs are generated concurrently; that is, we extend f to be an
array of BDDs in order to represent a multiple output function. Repeating recursive
calls in the same manner as for a single output function eventuates in the detection of
a multiple output constant consisting of 0's and 1’s. The 1's mean that corresponding
output functions include the cube that is currently kept in the cube siack.

53 EXPERIMENTAL RESULTS
We implemented the method described in the foregoing section, and conducted some

experiments to evaluate its performancs. We used a SPARC Station 2 (SunQS 4. 1LE
32 MByte}. The program is writien in C and C++,

5.3.1 Comparison with ESPRESSO

We first generated initial BDDs for the output functions of practical combinationai
circuits which may be muiti-level or multiple output circuits. We then generated
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Table 5.3 Result for variation of the numbcer of inpuls.

(100 random function, single output)

In. || BDD nodes , Cubes Literals Lit./Cubes
I 0.58 0.77 1.35 175
2 1.41 1.25 2.84 2.27
3 3.22 2.30 7.17 3.12
4 6.39 4.20 16.05 3.82
5 11.71 7.85 36.39 1.64
6 20.51 14.88 82.18 5.52
7 3624 f| 2709 172.06 6.35
8 64.59 || 5227 | 37741 7.22
9 118.47 || 99.31 |  808.09 8.14
10 210,12 || 19226 | 1738.89 9.04
i 365.04 || 370.90 | 369349 9.96
12 633.97 || 72211 | 786591 10.89
13 1144.12 || 140631 | 16635.79 11.83
14 2154.49 |} 2752.53 | 35154.84 | 12.77
15 4151.45 {| 5393.25 | 73980.57 | 13.72

As shown in Table 5.2, the numbers of cubes and literals are atmost the same for both
orders, but the size of BDDs varied greatly. The results demonstrate that cur method
is robust for variation in order, although variable ordering is still tmportant because it
affects the execution time and memory requirement.

5.3.3 Statistical Properties

Taking advantage of our method, we examined the statistical properties of prime-
iiredundant cube sets. We applied our method to 100 patterns of random functions
and calculated the average sizes of the initial BDDs and of the generated cube sets.
The random functions were computed using a standard C library,

As shown by the results listed in Table 5.3, the numbers of both BDDs and cubes
srow exponentially when the number of inputs is increased. [t is known that the
maximum BDD size is theoreticaily Q{2™ /n) (where = is the input number)|Ake78],
and our statistical experiment produced similar results. In terms of number of cubes,
we observe about (2"}, and the ratio of cubes to literals (the number of litecals per
cube’ is almost proportional ta .

S et g Tt fee . .
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Table 5.4 Rcsuit for variation of the number of outputs,

{Number of inputs = 10)

Out. | BDD nodes | Cubes Literals | Lit./Cubes

1 209.80 19213 1737.84 9.05

2 364.44 381.69 3452.20 9.04

3 500.86 568.10 314501 9.06

4 630.93 754,88 | 684225 9.06

5 75833 933.86 3468.70 9.07

6 884.87 | 1120.83 | 10166.36 9.07

7 1011.08 | 1294.84 | 11750.90 9.08

3 113694 | t471.63 | 13355.59 9.08

G 1262.20 | 164947 | 14978.33 9.08
1 1388.76 | 181544 | 1649302 Q.08
.” 11 1513.15 | 1987.56 | 18078.64 9.10

Table 5.4 shows the results obtained when varying the number of cutputs while the
mumber of inputs is fixed. Both BDDs and cube sets grow a little less proportionally,
thus reflecting sharing the effect of their subgraphs or cubes. We expect such data
sharing to be more effective for practical circuits, where the multiple output functions
are closeiy related to each other. The ratio of cubes i literals is almost constant, smce
the number of inputs is fixed.

We also investigated the relation between this method’s performance and the truth
table density, which is the rate of 1's in the truth table. We applied our method o
the weighted random functions with 10 inputs ranging from 0% to 100% in density.
Figure 5.4 shows that the BDD size is symmetric with a center line at 50%, which is
like the entropy of information. The number of cubes is not symmetric and peeks at
about 60%: however, the number of literals becomes symmetric. This result suggests
that the number of literals is better as a measure of the complexity of Boolean functions
than is the number of cubes.

5.4 CONCLUSION

We have described the ISOP algorithm for generating prime-irredundant cube sets
directly from given BDDs. The experimental fesults show that our method is much
Faster than conventicnai methods. it enabies us to generate compact cube sets from



"spoyiaws asaip Jo suoneaijdde feonosgad swes moys pue ‘suonerado 1as agno
areun Funndwiod Jo) spoiisil 1uatdyya tuasasd ap “sampasold o swyuedie qagz
8umyiIosap 10§ JUMLAALOD S1 YIUM ‘[pEUIN JP4G28ID 135 aqn> ajpun SSROSIP OS[E DM
SQIE [PuUONUSAUOD 1SN URYI AIUININJO 210W SUOTIEINGUIOD JO 5135 Juasasdal o) sn
salqeu2 ‘((IQZ) Ay passaiddns-os2z v pafes ‘eapl SN [PLeUA fuonrnasaadar
125 10§ padepe uasq seq ey ¢(qad Jo adAl mou v osodosd am rardeys sup ug

'SUONALNY Uedooy Juasasdal 01 paudisap Ajppuiduo aram
SQQE ISNBOAG SANL B JUAIYJIUT 3G UET ) ‘SPOYIA [BUONUIALOD U1 eyl JUaiayy
0w Ayerouad st coneiuasardal 195 paseq-gag ysnomly [o6STIswopgold Suuoaod
TRsoued aAlos O] pasn OS[E fUB SuUONEUIqOd jo $198 Junendimew 10) sanbiuyaag
asoy1 pue ‘[cedIND)ARussar padojeadp uasg saey uonemesaudat 198 woydun uo
paseq SPOLIoW UONBZRUTUNL HB0] jard[-0m], *2:0)aq Teondead Usaq 124U Se Yorym
suoneuIqo? Jo Jaqunu asny v aendiiew Apoipdun o1 sn S9[qeus poIiaul Suyy
‘A ® Smsn AQ uUOITIUNg JTISHIA3oRIBYD € SE pauasaidas aq ued Larp ‘aveds wesjoog
a1 ot suoneuiquos jo 19s © Suiddew g suonpwmquios fo sias oste Ing suoNduUn)
ueapoog Apuo jou Sunendvewr yitw pace) us)yo ae o ‘sudigord Qv ISTIA Ui
“peuaprolg sey suonvoidde jo o3wes sioy; psuadaap sey s d Jo Sutpueisiapun ino sy

ToeaWDd ‘681NIsaag Susn
Ag paaosdun Anuesyuis 2q UED SAMIONNS BIEP [BLOTILSALOD U0 PIsEq WILOSe a1
Yey; sosed Auew e 23y, "aoeds pue slun jo suue) ur APUSIdYs SLOWIUDN Uejooy
A ndzuiu 0) N SqeLa ASl) ASHEI3G UONUAKE YOnW patoriie ARy Sggd Auanay

SAdd ddsSHAddNS-0ddZ

"AJOU [{NS PAIRIFIIIE
2q uea wyuodie JOSI 9y pue ANUSLIYYS §335 GND J[EIS-2818] YNM [E3P 03 SN SMO[E
1y pauasaid s 5138 agno Jo uoteruasadar passadwos v sideys Bumolioy A ug
-suoneatjdde reansexd 10) 5198 29N 3jeds-3FIE] YONS SN 0 piey $1 11 1NG [l SE 5198
aqno se1ausd ued poyiow Ino ‘sases yons uf (*ajdwicxs pood v st uonduny Aised
ng-u uy) yews sunb s GQg Supuodsaliod St SjIYM ‘OW AUE PIdNPaI o JOUUED
yorym worssardxa o) Ajawanxs ue saynbar sawmewos uonwussadar 135 aqn)

*SHAMID [SAI[-0M] 01T SITNDITD [9AT][- NIl USYIRY O JO S35 3gqnd 12eduioo
O1UN SCI(IE WAOISURT] 0] PIST 3G UED POIHALY JAQ) I[GRIS)O] §) SSEIIIUT Ue Yons Yolym
ut suoneorjdde Auew aue 21941 NG 'OSSTULST veyn siynsas 1adel reymowos sa1d
Aew wyiuodje JOSI SY1 ‘Ynsai N JO JZIS JO SHUAN U] SPOYIAM FRUOTIESAUOD Y1
dursn £q 395 QD Ol PAUSNEY UIIG IOU JABL YDIYA JO SLIOS “S1UNAID 3jeas-a8se]

Apsuap 21QEI-YIN JO UDIFEUEA J0) NSy $°§ 3nB1y

{1 = mdno Q] = sindur}

Apsuep s(qel-in |
%' 00L 06 08 0L 05 06 OF O O 0L O

T T T T I 1 T T T

Dol

0s5i

00z

sapou 008

052
{hi

!

e varrr e e
: 3%




1A ST G

Share
Jump
ol /1 1
-
0 f1 i fl
{2) Node elimination. (h) Node sharing.

Figure 6.1 Reduction rules of conventional BDDs.

6.1 BDDS FOR SETS OF COMBINATIONS

Here we examine the reduction rutes of BDDs when applying them 1o represent sets
of combinations. We then show a problem which motivates us o develop a new type

of BDDs.

6.1.1 Reduction Rules of BDDs

As mentioned in Chapter 2, BDDs are based on the foltowing reduction rules:

1. Eliminate all the redundant nodes whose two edges point 1o the same node.
(Fig. 6.1¢a))

2. Share all the equivalent subgraphs. (Fig. 6.1{b)}

BDDs give canonical forms for Boolean functions when the variabie ordering is fixed,
and most uses of BDDs are based on the above reduction rules.

It is important how BDDs are shrunk by the reduction rules. One recent paper{LL92]
shows that, for general (or random) Bootean functions, node sharing makes a much
more significant contribution to storage saving than the node elimination. For practical
functions, however, the node elimination is also important. For example, as shown in
Fig. 6.2, the form of a BDD does not depend on the number of input variabies as long
as the expressions of the functions are the same. When we use BDDy, the irrelevant
variables are suppressed automatically and we do not have to consider them. This is

LeirvmSuppresiea 3005 o

“.b fla.by=ab
a+w 0 1
oloj'o
fla,b,c,d)=ab
1je|l1l
ad™, ®0 01 11 10
lo]e|o0] 0
. be fla,lr,c)=ab

0 O[040

a™. 60 01 11 10 0
Mo (o111
0

ojo;alojo
1ol 0| 1] 1

16

Figure 6.2 Suppression of irrclevant variables in BDDs.

significant because sometimes we mantpulate a function that depends on only a few
variables among bundreds. This suppression of the imedundant variables is due to the
node efimination of BDDs.

6.1.2 Sets of Combinations

Presently, there have been many works on BDD applications, but some of them
do not use BDDs to simply represent Boolean functions. we are often faced with
manipulating sets of combinations. Sets of combinations are used for describing
soiutions to combinatorial problems. We can solve combinatorial problems by
mantpulating sets of combinations. The representation and manipulation of sets of
combination are important techniques for many applications.

A combination of n items can be represented by an n-bit binary vector,
(#nFn_1...xar), where each bit. z; € {1.0}, expresses whether or not the
corresponding item is included in the combination. A set of combinations can be
represented by a set of the n-bit binary vectors. Sets of combinations can be regarded
as subsets of the power set on 72 items.

We can represent a set of combinations with a Boolean function by using n-input
variables for each bit of the vector. The output vatue of the function expresses
whether or not each combination speeified by the input veriables are included in the
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{abcd): {1000, 0100}
(abc):{100, 010}

Figure 6.5 ZBDDs representing sets of combinations.

as the sets of combinations are the same. Thus we do not have 10 fix the number of
mput variables before generating graphs. ZBDDs automatically suppress the variables
which never appear in any combination. {t is very efficient when we manipuiate very
sparse combinatigns,

To evalvate the efficiency of ZBDDs, we conducted a statistical experiment. We
generated a set of one hundred combinations each of which selects & out of 100
objects randomiy. We then compared the sizes of the ZBDDs and conventional BDDs
representing these random combinations. The result in varying & (Fig. 6.6) shows
that ZBDDs are much more compact than conventional ones — especially when & is
smalfl. This means that ZBDDs are particularly effective for representing sets of sparse
combinations. The effect weakens for large At however, we can use complement
combinaticns to make & small. For example, the combination selecting 90 out of 100
objects is equivalent to selecting the remaining 10 objects.

Ancther advantage of ZBDDs is that the number of 1-paths in the graph 15 exactly
egual to the number of combinations in the set. In conventional BDDs, the node
¢limination breaks this properly, so we conclude that ZBDDs are more suitable for
representing sets of combinations than conventional BDDs are.

On the other hand, it would be better to use conventional BDDs when representing
ordinary Boclean funciions, as shown in Fig. 6.2. The difference is in the models
of default variables: “fixed to zero™ I sets of combinations, and “both the same” in
Boolean functions. We can choose one of the rwo types of BRDs according to ihe
featurs of applications.

Zero-Suppressed BDD s ey

[#Node)
10000~
BCOC

4000
ZBDD

20008 A

L i i 1 1 11 H ] 1 l
0

O 10 20 30 40 50 60 70 AQ 90 100
Numbar of 1's in a combunation

Figure 6.6 Comparison of BDDs and ZBDDs.

6.3 MANIPULATION OF ZBDDS

In this section, we show that ZBDDs are manipulated efficiently as well as conventional
BDDs,

6.3.1 Basic Operations

In generating conventional BDDs, we first generate BDDs with only one input
variable for each input, and then we construct more compiicated BDDs by applying
logic operations, such as AND, OR, and EXOR. ZBDDs are also constructed from the
trivial graphs by applying basic operations, but the kinds of operations are different
since ZBDDs are adapted for sets of combinations,
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Union (P, () {
if (P == ¢) retum J;
if (Q == ¢) return P;
i (P == Q) return P;
if (Ptop > Q.top) return Gemode(P.top, ch:fu: N, P
if (Piop < Q.top) return Getnode(Q.top, Union{”. (), Q)
if {(Plop == Q.top)
return Getnode(F.Lop, Union{ . {2y), Union(/?,. (J1));

Intsec (£ () {

if (P == o) retumn ¢;

H () == &) return ;

i (I == () return P;

if (Piop > Q.top) rewrn Intsec{Fy. )

if (Plap < Q.top) return Intsec(P. (Ja )

it (Plop == ().top)

return Getnode{ F.Lop, Intsec{Fy. Q). Intsec{* . (1 ));

}

Diff (P. Q) {
it (I’ == ¢) retum ¢
if(Q == ¢) retum F;
i {7 == (}) retumn ¢:
if (Piop > Q.top) return Getnode( top, Diff(Fy. (3), P );
if (Ptop < Q.top) return Diff(FP. Qp);
if (Plop == Q.top)
return Getnode(P.top, Diff(FPy. Qy), Diff(Py. Q)

Count (/) {
if (P == ¢) retum O;
if (P == {0} retum {;

return Count{ £} + Count( Py );
}

In the worst case, these algorithms take an exponential time for the number of
variables, but we can accelerate them by using a cache which memarizes the results
of recent operations in the same manner as it is used in conventional BDDs, By
referring to the cache before every recursive call, we can avoid duplicate executions
for equivalent subgraphs. This enable us to execute these operations in a time that is
roughly proportional to the size of the graphs.

. P W A
..\L-L(_nru__‘_—m__..\__.\.4 Coutls LAl L

b AR AR

Figure 6.8 Rulcs for O-clement edges.

6.3.3 Attributed Edges

In conventional BDDs, we can reduce the execution time and memory requirement by
using attributed edges|[MIY90] to indicate certain logic operations such as inverting.
ZBDDs alse have a kind of attributed edges, but the functions of the atiributes are
different from conventional ones.

Here we present an attributed edge for ZBDDs. This attributed edge, S__ma O-element
edye, indicates ihai the pointing subgraph has a 1-path that consists of 0-edges o:.%
In other word, a O-element edge means that the set includes the nuil-combination “¢.”
We use the notation £ 10 express the G-element edge pointing to 7.

As with other atiributed edges, we have 10 place a couple of constraints on the location
of O-element edges in order to keep the uniqueness of the graphs:

w  Use the O-terminal only, since {¢) can be written as ¢

2 Do not use O-element edges at the O-edge on each node.

If necessary, O-clement edges can be carried over as shown in Fig. 6.8. The constraint
ruies can be implemented in Getnoded( ).

O-element edges accelerate operations on ZBDDs. For example, the result “of
Union{ . {¢}) depends only on whether or not P inctudes the “c.” In such a case, we
can get the result in a constant time when using O-element edges; otherwisc we have
10 repeat the expansion until 7 becomes a terminal node.



}1198qng — suoneredo SISEq SAI0 S0IYI PAULDP 34 'C°G UOTIING U "SUCTIBUIGLUCD JO
135 | NALURU PUE Y2102 07 PASh 31T SIONRLHEO HISEQ X]§ PUE 519 [RIAL) 3aIq1 952U ]

(O/d)» & - g Bunenoges £q paurnqo aq ued (D7) ¢

It

{zp)

) {g-apYag{fap)
Hot /o a0 pofign-aqu pao})zp{qu} / 1yo 20" poiqn aqo pgn ) )
{o°qn}/{yo 20 po bgm -oqn "pqw}

‘ajdurexs 104 ¢y ur saqna aanoadsa Ag g Smprap
siuaionb oy [1e jo UONIASIAU Aty S {(&9/ 4} ‘saqna apduynw o s1515002 ¢ Ay T

{10} = {oq}/{ow-2q 0gn}
sjdurexs 1o “s{eI §, A SunpUILITD

usyl pue ‘aqnd s ¢ Ul S[esaN] JY3 |[e BULPNRIID $2gBD A JO SISISU0D YIYM *
J0 135qms e Bunoenxa 4g paureqo st (/) ‘aqno auc AJUO SOPOIOW 2 usym |

‘[L8mASEIPoyiIaw umnsiatp-ypam
AN 01 30U3I3JAT YN UOTITOS 3y XY 01 St Jurmorio) auyl Aidde am arsp] *anbrun jou
St uonnjos swp esousd up (M9 7+ (/] * £ = 4 Anenba agp 1apun (apuienz)

e A0O

£3%d pue (uanonb) /g $135 agnd oaml B0 MO Y2S 03 8198 ) A 4 Swiptaig
=~ +(Ord) = U+ V) *d
O=di=d-0i=0~d)
{esauaBul J# J+ g} =00
d=d+d

"UOTE|NDIRD N2 JIBUN 3YI U1 SBIAULIO} SUIMOYO] 243 a1 sy

{o-gragqugn} =
(T=o)+(gueo)+ (T xq)+
(goxq)+ (1 xqu)+ignrqu) = {1°4v}* {v°qqn}
fore} = {rgv} ~ {oqqm}
trogree) = 1w} + {2°qqv}
{w} = {1'ev}z{oqqm}

ole uonRma e Jo sapluexy <108

Ly LG passaddng-04az

agna aannadsar Ul $BYNI Om) 6 SUOIIRUAIEDUOD 2j@issod [[o saeraust | -, uoneiade
ML (L, MO SOUIRIUIOS @M PUT + . JO PE3ISUT ' BWILIOD B JST ATW apd )

“(UDISIAID JO JApUIRIISI) o
‘(uoisialp Jo suaijonb)
‘onpaxd}

(sduazapp) -

‘(uorun)  +

{(uonpasiay) P

3$m0110) € saoreaado otseq oy Jo dn-aunp a1 paBueiie op

‘ucissaxdxa ue sar0usp 1on9p aseaaddn ue pue ‘yeian)
© $310U2p I3)IR] ASTUIMO] B ‘UOLIIIS $1Y] JO 1521 P U] “JRISH] 2UO ATUO JO S1S1SU0D 1BL))
aqna auo AJue Sapnjaul i 1as Tesann 9jduts v cwonesado 1onpord 3y Jo WSS uN
a3 SAWNIAQ 195 S “SILIajl| OU SUILCD 18M) gD suo Ajuo sapnjour 1., 198 1lUn g f

“(1es peaai) 3 dus)  vr
‘{125 Bun) i
‘has Adira) 0

18198 [BIALN JO SPUIY 32011
are aray] -s10verado aresqaSe pue $135 [RIALIL JO ISISU0D SUOISSAUAXD 195 agQnd Meu[y

suonesad() aseyg  po

"SDUHIELUDS 12 3qND aleun sapun {110°00T 1 © (gn) g
'$19S BYND ALEUIQ JO SINUBWIAS Y JIPUN {T10°00T 101011 111} © (29w} siuasanda
{94 + 1) voissaudxa jos aqnd A} ‘apduexs o4 () = :F SUBSW [EINN[ Tt JO IUISQE Y1
pUE T = :r SUSDUI X JEIA)) ‘PUBY JAIO Y1 U0 ‘5135 QN deUn U YO Yog ‘] = 1
*S1IBY) 12407 J vop SUEIW [BISL] B JO IDUISQE AY) PUB ‘Alaanaadsa g = spun 1 = 1
losaudal r pue i (eI ‘S19s 3QND SIBULQ L "SI0 DQND ANBUN WO SOIUELLDS JUIIJIp
SARY 5195 agno ayeuig sjulall; aaneSat pue aanisod (iog SUILIBINOD S138 3GND A1oug
Antensn aie Loys 1ng “suonouny ueafoog wasaadar 01 €325 9QND 95N SHUIAWOS DAL

T UONEWIQICe)
Sl ur uasoyo wal ue sjuasardal Jeia)| Hoed pue ‘uoNBUIGICD U0 spuasasdos aqno
yoeyg “sau0 aanedsu ay) 10U ‘sjeiall| samsod AJUo 3sn 01 SN MOJIE SIS 2QND 210N}
"S{EISIH JO UCTIELLQWIOD B 1 YOIUM JO YITD ‘S3QND JO JaqIUNU ¢ JO SISISU0D 135 aqnd v
"SUOTIRULQUECD JO s12s Sune[ndiuew 10} 2IG3B[E 105 3GND JJBUN SSNISIP IM VOIS SIYE U]

VAEADTVY LAS 1D ALVNN +°9

LA A B R W § I -




LT

x e e
hodderit L i

-..._’
4o

), SubsetO( ), and Change( ) — for assigning a value to a literal, but we do not have
to use them since the weak-division operation can be used as generalized cofactor
for ZBDDs. For example, Subset1(P. xy) can be described as (P/xr.) » ry, and
Subset®( L, ;) becomes (P%:x.}. And the Change( ) operation can be described by
using some multiplication and division operators. Using unate cube set expressions,
we can elegantly express the algorithms or procedures for manipulating sets of
combinations,

6.4.2 Algorithms

We show here that the basic operations of unate cube set algebra can be efficiently
executed using ZBDD techniques. The three trivial cube sets are represented by
simple ZBDDs. The empty set “0" becomes the 0-terminal, and the unit set *i" is
the [-terminal node. A single literal set ;. comesponds to the single-node graph
pointing directly 1o the 0- and !-terminal node. The intersection, union, and difference
operations are the same as the basic ZBDD operations shown in Section 6.3. The
other three operations — product, quotient, and remainder — are not included in the
basic ones, so we have developed algorithms for computing them.

If we calculate the multiplication and division operations by processing each cube
one by one, the computation time will depend on the length of expressions. Such
a procedure is impractical when we deal with very large numnbers of cubes., We
developed new recursive algorithms based on ZBDDs in order to calculate large-scale
expressions effictently.

Our algorithms are based on the divide-and-conquer method. Suppose r is the
highest-ordered literal. P and (@ are then factored into the two parts:

mu“uu*mmuwn.mu. QHH*QHL:QG.
The product { P + 2} can be written as:
(PrQ)=a+ (P + P+« Qo+ P+l + FPoxQo.

Each sub-product term can be computed recursively. The expressions are eventually
broken down into trivial ones and the results are obtained. In the worst case, this
algorithm would require an exponential number of recursive calls for the number of
literals, but we can accelerate it by using a hash-based cache that memorizes results
of recent operations. By referring to the cache before every recursive call, we can
avoid duplicate executions for equivalent subsets. Consequently, the execution time
depends on the size of ZBDDs rather than on the number of cubes and literals. This
algorithm is shown in detail in Fig. 6.9,

Zero-Suppressed B0 s =

procedure{P « (J)

{ if(Miop < Q.top) retum ({} = P}
if (G = 0)yreturn 0 ; \
if (¢ = Llyretum I ;
£ — cache(* P + Q) ; if (R exists) return I :
x «— Ptop ; /* the highest variable in P */
(P, Py — factors of 2 by & ;
((a. Q1) — factors of Q by x
R (Pre Qi+ P =Qu+ P=1)+ Pyxy:
cache("P Q™ — Il;
return 7 ;

Figure 6.9 Algorithm for product.

procedure(?/ () .

{ if (¢} = 1) return P ;
if(P=00r P = Dretun ;
if (P = Q)retun | ;
R — cache(™ P/ if (R exists) return £
£ — € kop | ¥ the highest variable in (@ */
(. Pry — factors of P by & ;
(Qu. i) — factors of Q by & 1 /2 (Qy # M ¥/
=P Qs
(R Z0IF(Qy #NR— R& P/
cache("FP/(Q™) — R ;
return ¥ ;

Figure 6.10  Algorithen for division.

Division is computed in the same recursive manner. Suppose thal x is a literal ai the
root-node in ¢, and that £y, ). (Jo. and(}y are the subsets of cubes factored by v
{Notice that {); # 0, since  appears in (J.) The quotient {//(}} can be described as

]

(P/6h). when Qg =10,
(#2760 & 1%/ Q). otherwise.

{(P/Q)
(P}

1}

Each sub-quotient term can be computed recursively. Whenever we find that one
of the sub-quotients i /% /€)1 bor( 1%/ Q) tesults in 0, {7/€}) = 1 becomes obvious
and we no losger need to compute it. Using the cache technigue avoids duplicate
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Table 6.1 Resuhls on N-quecns problems.

[ N T Lit. Sol. || BDD nodes | ZBDD nodes | (B/Z) (Z/S)
4 16 2 29 8 36 4.0
3 23 10 166 40 4.2 4.0
& 36 4 129 24 54 6.0
7 49 40 1008 186 5.9 4.63
8 64 92 2450 373 6.6 4.05
[ 81 352 9556 1309 7.3 372

101 100 724 25944 3120 83 4.31
1] 121 2630 04821 10503 2.0 _ 3.92
127 144 | 14200 435169 45833 9.5, 3.23
13§ 169 | 73712 2044393 204781 0.0 2.78

{B/Z}: BDD nodes / ZBDD nodes
{Z/5): Z8DD nodes [ Solution.

55 Search all the choices to put the first queen.

5, Search all the choices to put the second queen, considering the first
queen’s location.

54: Search all the choices to put the third queen, considering the first and
second queen’s location.

53: Search all the choices to put the eighth queen, considering the other
gueens’ locations.

Calculating these expressions with ZBDDs provides the set of solutions to the 8-
queens problem. Okunol{Oku94] reported experimental resuits for N-queens problems
to compare ZBDDs and conventional BDDs. In Table 6.1, the columm “BDD nodes”
shows the size of BDDs using Boolean algebra, and “ZBDD nodes™ shows the size of
ZBDDs using unate cube set algebra. We can see that there are about N times fewer
ZBDDs than conventional BDDs. We can represent all the solutions at once within a
storage space roughly proportional to the number of solutions.

6.5.2 Fault Simulation

Takahashi et al.[TIY91} proposed a fault simulation method considering multipie
fauits by using BDDs, it is a deductive method for multiple faults, that manipulates

x0(s-a-0)
xl{s-a-1)

net x \

X
—-
—d~
Y
Figure 6.12  Propagation of faull sets

sets of multiple sick-at fanits, It propagates the fault sets from primary inputs
o primary outpuis, and eveniually obtains the detectable faults ai primary ocutputs.
Takahashi et al. used conventional BDDs, but we can compute the fault simulation
more simply by using ZBDDs based on E._w.m‘n_..cn set algebra.

First, we generate the whole set of meltiple faults that is assumed in the simulation.
The set F; of all the single stuck-at faulls'is expressed as

Fil=i{g+ae +bp+b+cter+ ...

where an and &, represent the stuck-at-0 and -1 faults, respectively, at the net a. Other
literals are expressed similarty. We can represent the set £ of doubie and single faults
as (F) « Fy). Further more, { Fy + F) gives the set of three or fewer multipie faulis.
If we assume exactly double (not including single} fauhts, we can calculate (£, — ),
In this way, the whole set I can easily be described with unate cube set expressions.

After computing the whote set U, we then propagate the detectable fault set from the
primary inputs to the primary outputs. As illustrated in Fig, 6.12(a), two faults 2 and
Zy are assumed at anet z. Let X and X' be the detectable fault sets at the source and
sink, respectively, of the net . We can calculate X " from X with the following unate
cube expressions:

X (X + (Ufzq) * 21)%wo. whenz = 0 in a good circuit.
X' = (X +(U/za)* 2%z, whenr = 1 in a good circuit.

I
|

On each gate, we calculate the fault set at the output of the gate from the fault sets at
the inputs of the gate. Let us consider a NAND gate with two inputs + and », and one
output z, as shown in Fig. 6. 12(b). Let X. Y. and Z be the fault sets at ». 3. and =. We
can calculate Z from X and Y by the simple unate cube set operations as follows:

Z = X&Y whenr =0y =4 2= 11nagood circuit.



"M30[ 12A9]-NJNLW JUBsaIdal O S3GRLEA BPAWIIY BUISN §138 agnD
arendiveiy am udyM 3AN2Ya Aje1oadsa ae Loy ) £JIuL10h)a 2I0W $13s aqnd juasaudar
01 $1 2|QER ASYT PUT “SUCNIRUIGLICS JO $138 Buttuesaudar Joy paydepe are yowgm s gz
pAD|3AID ATILADAT SARY By "SUONIUNY UR[0OY Wwasaidas o1 pauBisap AjjruiSLo uom
SCRIQ 51220 JUSOYJ2UT 2 SIUNAWOS UL It *SPOYISL [RUOIUSALAD Y1 VB JUNDY)2
asow Ajfensn st uoneuasardal aqno pasea-(]1d YFnoy1 usav ‘g radeyny w pajou sy

TEOUSIN 'C6IIND) padojasap uaaq 3ABY SPOYIAU UOTIBZUUTUIUI 13§ 3OND MU
‘vonmuasadal paseq-((Ig 198 3N AY) UO paseq 910Jaq Afqeaoexd uIsg 10U ey
conepnditeu 3soym s1es agna 9518 Laa apepndiew 07 sn sajqeus Sy “aneds 38e1ors
Iews e ut Apeorjdun sagna jo saguanu aBny viuassaidal tes am ‘poyaw siyy Suisn “aag
£ Ju1sn uonounf uesjeog € se pauasadar oq ued 195 agnd e ‘adeds uea[oog MYl o
195 aqn2 & Suiddew Ag wejqoud 18yl J0) yBnom-yea1q e papiaoad scicqg Jo 3sn oy

"SpOLIaW SISaIULS MF0] PAseq-aqnd vyl Jo wapgoxd e st siyf
"SUOTIOUN) yons jo sapdiuexa ale sIappe-|iny pue suonsuny Liueg ‘sindur Jo raqunu
Yt it Ajenuatodys mold suonetudsadar 135 agnd 2SOYM SUDLIOUNY Lilm Pade)
SOTUNIRUOS AT 3m ING “$I1TS BQND JO 9Z1s O|QIse) B i passaadxs aq ues 1ey) suonaumy 10}
Ayl st yoroadde sy poyaw woistip-yoam e Suifjdde AQ $19s agno woly ado)
Jasa-nimuy sateraund pue voneziwiuny (0550] [949[-0M] J0) 195 OGHD UC PISLG 5 N
‘uonezrido sy} utene o1 Aem jusjeaasd pue [a)ssadons 1Sour 31 §1 [ MASTISIN
SE INs ‘poyaui woyvInwiuna nfo; xvigadie ap renotued uf  [Zeus] ‘&%dN
LLED TN USEapUn uadK) SEY P12y SIUY UL Y2Ieasal Jo10] B pue stwasAs sisayruis o13of
utweuodun st sonezund( “280] (A NNy "SR W30 U1 SN [§]A Jo udtsap
reonoesd a0y A)yssa00ns pasn uasg aaey sonbyuysas voncziwndo pue sisayuks adoq

Saagz ONISN |
SISEHINAS JID0T TIATT-IVINA

‘suoneAdde Ia(10 SNOLEA UL pue SWINSAS
avo 1571A Suidofasap ur ooy (ydjay € 3 O J0IZNIRD 1S N> deun 2y 10adxo
SM CSCICIE reucitusAuod JUISR SO UBL) [MJISRH UOW SJE SPOHIaW Ino ‘swajqotd
[puOIRLIGLIAD PO S A awros Suiajos Jod “sagZ Juisn parendirew ApU1oY)a aq ued
A2 pue ‘suoleuIquod Jjo s12s Junuasaidal 10) ajgenns e suoissard xa 395 aqno s1BUN)

‘(s:deys 1xau 21 wi papieiap) saziando
a3o] pasp-npnw peonoead e padojaaap aawy om ‘onbruygoaas st Suisry (L8 MASHISTIA
pue OSSTAJST SE Yons swsAs uisap oiSo] i pajustuadunl swyiied|e paseg-aqnd
Ayl J1EJNLILS AlISED URD 3m ‘ARMm SIY1 B] (12 5 Oglm) 198 agnd djeun oy: se passaidxa
st {r + ¢ ©) 195 aqnd eulq v ‘ajdwexs log  Cpessi slewiq sue lof & pue li
SfRI2N| SIEUR OM1 ISP dA ISPUC SIBUN FISN AQ $19§ 3QUO IBLIY SyEINUS O] Azm B
S DL INg ‘S13s QN2 2IBUK JO DSOL) LU0 JUIISIIP SONURLHIS AR $135 SN0 3leu[)

‘swajqoid jeonoesd Auew o patpdde aq
1D YoIym “IOIBNIIED 195 XN Ateun B pado[aaap SARY a4 PUE ‘1QaEE 195 3qND Jeun
FunenXyEd J0; POYISIU BY1 PAsSRASIP 2avY 3m ‘sanbugom qaaz 9 jo s1seg 9K UD
‘suonemquo) ssieds Sunendrugw ate am uaym A[[e10edso sjqeyewsas st sgggz Jo
1032 YL SO reuonusauos ueyl Apdeduiod ot pue Ajenbim suonemquos jo
s1a% uasaadal ues scjagz -suonecondde pue swipuode vonendiuew: 1oy poyussard
DABI PUE ‘30U UOIIONPAI MAU ¥ 10 Rpaseq ST 28 Yoiga ‘s g7 pasodoad savy ap

NOISI'IONOD 99

"1012|N3JED 128 2QR0 3jrUN B Susn AQ AJ10301p 11 2jN33Xa URD pue aunpasoid uonenws
1nej a1 2qusap A[dwis ued am “BIgR3[E 195 SN ALun 3UIS[) UMD Ay Wt sajed
a1 |j& £o) suorssaudxa asoy) JunEmnOIED A4 s1os I[nej AqeIcALp sy Andwos ueo ap

rusysm i 4+ Y 7z
muppoofem =2y =Hg=Fuam [ - % = 7

s poodeul )=z = fi7]

o e awed toaat

R L, 0 AN S P iy o 1




_w
|

b P

P Sl AT L fl

In this chapter, we presents a fast weak-division algorithm[Min93c] for implicit cube
sets based on ZBDDs. This algorithm can be computed in a time almost proportional
to the number of nodes in ZBDDs, which are wsually much smaller than the number
of literals in the cube set. By using this method, we can quickly generate mulii-fevel
logic from cube sets even for parity functions and full-adders, that have not been
possible to handle when using the conventional algebraic methods, We implemented
a new multi-leve] logic synthesizer using the impiicit weak-division method, and
experimental results indicate our method is much faster than conventional methods,
especially when larger cube sets are manipulated. The implicit weak-division method
is thus expected to significantly accelerate logic synthesis systemns and enlarges the
scale of the cireuits to which these systems are applicable.

The fotlowing sections, we first discusses the implicit cube set representation based on
ZBDDs, We then present the implicit weak-division method and show experimental
results.,

7.1 IMPLICIT CUBE SET REPRESENTATION

Cube sets (also called covers, PLAs, sum-of-products forms, and two-level logic) are
used to represent Boolean functions in many problems in the design and testing of
digital systems. In a cube sets, each cube is formed by a combination of positive
and negative literals for input variables. (We are speaking here of a birate cube set,
different from the unate cube set discussed in Chapter 6.) In this section, we present
an implicit method for representing cube sets using ZBDDs, and show a method for
generating prime-irredundant cube sets using the implicit representation.

7.1.1 Cube Set Representation Using ZBDDs

Coudert and Madre developed a method, called Meta products{CMF93], for represent-
ing cube sets using BDDs. Meta-products are BDD representations for characteristic
functions of cube sets. In their method, two vartables are used for each input, and
the two variables determine the existence of the literal and whether it is positive or
negative. Coudert and Madre also presented further reduced graphs, called Implicit
Prime Seis (IPS)[CM92], to represent prime cube sets efficiently. However, [PSs can
represent only prime cube sets and cannot provide canonical expressions for general
cube sets.

Muisi-Level Logic Synihesis Using ZBDDs 2o

(a3 b b.c &J:{101000, 000001}
=ab+ ﬂl

Figure 7.1  Implicil cube sct representalion based on ZBDDs.

By using ZBDDs, we can represent any cube set simply, efficiently, and wniquely.
Figure 7.1 illustrates a cube set that can be scen as a set of combinations using two
varables for literals &y, and 77, x; and T never appear together in the same cube. and
at least one should be 0. The O’s are conveniently suppressed in ZBDDs. The number
of cubes exactly equals the number of {-paths in the graph, and the total number of
literals can be counted in a time proportional 1o the size of the graph.

The basic operations for the cube set representarion based on ZBDDs are the following:

o returns ¢. (ne cube)

P returns L. (the tautology cube)
AndO(P. var) returns (@vr - P).

And1(P, vur) retums (ver - P).

FactorQ(F. var}  retumns the factor of I° by v,
Factori(F. var}  retums the factor of 7 by var.
FactorX{[”. »ur) retumns the cubes in P excluding vor. 747,

Union(. () returns (P + Q).
Intsec(P. () returns { P N Q).

Diff(P. () retums {2 — Q).
CountCubes(f)  retums number of cubes.
CountLits( P} returns number of literals.

“0" correspends to the O-terminal node on ZBDDs, and “17 corresponds to the
I-terminal node. Any cube can be generated by applying a number of AndO{( ) and
And1( ] eperations to “'1.”" The three Factor operations mean that

= {7aF - Factor}y + (wnr - Factorl) + FactorD.
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we can see, extremely large prime-irredundant cube sets containing billions of literals
can easily be generated in a practical computation time. Such cube sets have never
been generated before. Our experimentat results thus show that the implicit cube set
representation reduces the memory requirement dramatically. :

We also evaluated the effect of using ZBDDs. In Table 7.2, the column “BDD nodes
for cubes™ lists the number of nodes needed when we use conventional BDDs to
represent implicit cube set representation. “Z/B™ is the ratio of size of ZBDDs and
conventionat BDDs. “Density” shows how many literals appear in a cube on the
average. This result indicates the property that ZBDDs are effective for representing
sparse combinations. Notice that v and 7 never appear in the same cube, so the density
does not exceed 50%. Tn general, reduced cube sets consist of sparse cubes and the use
of ZBDDs is effective. When we mantpulate cube sets using intermediate variables to
represent multi-leve! logic, cube sets are sparser, and ZBDDs more effective.

7.2 FACTORIZATION OF IMPLICIT CUBE SET
REPRESENTATION

In this section, we present a fast aigorithm for factorizing implicit cube representation
using ZBDDs, and we demonstrate results of our new multi-level logic optimizer
based on the algorithrt.

7.2.1 Weak-Division Method

In general, two-level logics can be factorized into more compact multi-level logics.
The initial two-level logics are represented with large cube sets for primary output
functions, as shown in Fig. 7.2(a). When we determine a good intermediate logic,
we make a cube set for it and reduce the other existing cube sets by using a new
intermediate variable. Eventually, we construct a multi-level logic that consists of
a number of small cube sets, as illustrated in Fig 7.2(b). The multi-level logic
consists of hundreds of cube sets, each of which is very small. On the average, less
than 10 variables out of hundreds are used for each cube set. They yield so sparse

_ combinations that the use of ZBDDs is quite effective. Another benefit of ZBDDs is

that we do not have to fix the number of variables beforehand. We can use additional
variables whenever an intermediate logic is found.

Mufi-Levei Logic Synthesis Using 4

__,liwn...\..,.m s

(a) Initial cube sets. {b) Final cube set network.

Figure 7.2 Factorization of cubce sets.

Weak-division (or algebraic division) is the most successful and prevalent method for
senerating multi-level logics from cube sets. For example, the cube set expression

f=ubd+abftadf+edteiteh

can be divided by {1 b + ¢). By using an intermediate variable p, we can rewrite the
2xpressicn
J=pd+pPtabfreh p=abte

In the next step, f will be divided by (¢ + 7} in a similar manner.

Weak-division does not exploit ail of Boolean properfies of the expression and is
only an algebraic method. In terms of result quality, it is not as elfective as other
stronger oplimizing methods, such as the trarsduction method{ MKLC87]. However,
weak-division is still important because it is used for generating initial logic circuits
for other strong optimizers, and is applied to large-scale logics that cannot be handled
by strong optimizers.

The conventionat weak-division algorithm is executed by computing the common
part of quotients for respective cubes in the divisor. For example, suppose the two
exXpressions are

f
p o= eb+o

i

ahd+adT+ubgtedrer+eh

f can be rewritten as:

f=abld+e4+g) +e{d+7+h)
The quotient [ f/p} can then be computed as

__._.._n_____\.t.d_ = ﬁn__n T_h _a“_ .._ mn _”L_n.____..‘.,._
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procedure(f - )

{ if(ffop < giop)retum {y- f):
if (i = D) retum 0 ;
if (4 = D retum f ;
i — cache(™f - 4™ if (A exists) retarn £ ;
1 — f.top 1 * the highest variable in f */
{fo. f1. fa) — factorsof f by +;
(im- g1 )~ factors of y by v ;
b=t fo g0+ fo-gu+ fur )

Folfiram+fioge+fo-md+ fu-on

cache{("f - ™"y — f ;
rCium 4.

Figare 7.4  Implicit multiplication algorithm.

To obtain the remainder of division (f%p) = f — p (f/p), we need 1o compute the
algebraic muitiplication between two cube sets. This procedure can also be described
recursively and execuied quickly using the cache 1echnique, as illustrated in Fig. 7.4.

7.2.3 Divisor Extraction

For multi-level logic synthesis based on the weak-division method, the quality of the
results greatly depends on the choice of divisors. Kernel extraction[BSVWS7] is
the most common and sophisticated method for obtaining divisors. [t extracts good
divisors and has been used successfully in practical systems such as MIS-H. For very
large cube sets, however, this method is complicated and time consuming.

Here we present a simpfe and fast method for finding divisors in implicit cube sets.
The basic algorithm is described as follows:

Divisor( f)
{ v~ aliteral appears twice in [ ;
if(ir exist) return Divisor(f /v)
else retumn f ;
1
If there is a titeral that appears more than once in a cube set, we compute the factor
for the literal. Repeating this recursively, we eventually obtaia a divisor, which is
the same as the one called a Level-Q kernef in the keme! extraction methed wsed in

Mulii-Levei Logic Symnesis Using £

MIS-IT. With this method, factors For a literal can be computed quickly in the implicit
representation. Whether a literal appears more than once can be checked efficiently
by looking on the branch of the graph.

A different divisor may be obtained for another order of factoring hiterals, When
two or more possible literals are located, we choose one defined later so that the
extracted divisor may have variables nearer 10 the primary inputs. This rule aflows us
1o maimain a shallow depth of the circuit.

The use of a common divisor for multiple cube sets may yield better resuits, but
locating common divisors is complicated and time consumning for large cube sets. So
far, we have been able to extract only single output divisors and apply them to ail the
other cube sets. When there is a cube set providing a non-zero quotient for the divisor,
we factorize the cube set. At least one cube set and sometimes more can be divided
by a common cube.

"

Using the complement function for the divisor, we sometimes can atiain more compact

expressions. For example,
f=acé+briabe

can be factorized using a complement divisor as:

f
P

t

pPE+DL,
a+ b

It is not easy to compute the complement function in the cube set representation,
We transform the cube set into a conventional BDD for the Boolean function of the
divisor, and make a complemeni for the BDD. We then regenerate a cube set from the
inverted BDD by using the ISOP algorithm. This strategy seems as if it would require
a large computation time, however, the actual execution time is comparatively small
in the entire process because the divisors are always small cube sets.

7.3 IMPLEMENTATION AND EXPERIMENTAL RESULTS

Based on the above method, we implemented a multi-ievel logic synthesizer. The basic
flow of the program is iilustrated in Fig. 7.5. Starting with non-optimized multi-level
logics, we first generate BDDs for the Boolean functions of primary outputs under
a heuristic ordering of input variables[MIY90]. We then transfonm the BDDs into
prime-irredundant implicit cube sets by using the ISOP algorithm. The cube sets
are then factorized inte optimized mutti-level logics by using the fast weak-division
method. We wrote the program with C++ language on a SPARC station 2 (128 MB).
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Table 7.4 Companison with incremental optimizalion.

Initial || MIS-li(algebra} MIS-I(Boal) QOur Method

Func, || Literals [} Literals [ Time [ Literals] Time Literals | Time

(sec) (sec) (sec)
xor8 63 28 0.4 28 1.1 28 0.3
xorlé 135 &0 0.9 60 1.9 60 07
add1é 432 208 4.7 192 12.0 257 6.9
muité 883 520 12.2 193 424 || 6,802 1 29007
9sym 610 425 3.2 510 444 .4 117 1.8
vg2 922 414 5.7 480 97.4 102 I
alud 7,483 1,195 1 1788 283 2,592.1 1,148 64.5
apex| 0,133 | (,684 | 127.3 | 1,689 1 4,438.3 || 2,521 205.6
apex2 14,871 | 363 | 306.7 ¢ 347 1 12,8427 253 29.3
apex3 8397 ) 1,747 1 1024 || 1,723 | 63,4276 || 2,221 158.2
apex4 14960 || 2,586 | 238.3 | 2,514 9,160.2 || 3,473 462.4

apex5 7.106 917 | 5393 322 267.0 || 1,185 58.7
cd32 372 265 4.4 331 728.9 || 1,510 6923

There is still some room to improve the results. We have used 2 simple strategy for
choosing divisors, but more sophisticated sirategies might be possible. Moreover, a
Boolean division method for implicit cube sets is worth investigating to improve the
optimization quality.

IMPLICIT MANIPULATION OF
~ POLYNOMIALS
BASED ON ZBDDS

In this chapter, we present a good application of ZBDDs, that manipulates arithmetic
polynomial formulas containing higher-degyee variables and integer coefficients.
In this method[Min25], wc can represent large-scale polynomials compactly and
uniguely, and can manipulate them in a practical time. Constructing canonical forms
of polynomials immediately leads to equivatence checking of arithmetic expressions.
Since polynomial calculus is a basic part of mathematics, cur method is expected to
be useful for various problems.

8.1 REPRESENTATION OF POLYNOMIALS

Polynomials can be manipulated in a similar way to the cube sets manipulation, except
that polynomials differ from cube sets in the following two points:

n  They can have higher-degree variabies.
(x -2 = »%, rather than 1 - £ = r in Boolean algebra.}

w  They can have terms with coefficients.

(@ + & = 2w, rather than = + & = » in Boolean algebra.)

Here we show a method for manipuiating polynomials with higher-degree vanabies
and coefficients.
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Figure 82 Representation of coefficients.

negative numbers (typically, —1 is “all one™), and the ZBDD reduction rule is not
effective 10 those non-zero bits, And with the other using the absolute value, the
operation of addition become complicated since we have to switch the addition into
subtraction for some product terms in the same formula,

To solve these problems, we used another binary coding based on (—2}%: each
bit represents 1. —2.4,—8,16G,.... For example, —12 can be decomposed into
(=2 + (=)t + {-2)% = —2- 2% + 2* 1+ 22, and can be represented by a ZBDD
as shown in Fig. 8.2(c). In this way, we can avoid preducing many non-zero bits for
small negative numbers.

Two polynomials are equivalent if and only if they have the same coefficients for
all corresponding terms, Since our new representation method maintains uniqueness,
we can immediately check the equivalence between two polynomials after generating
ZBDDs.

8.2 ALGORITHMS FOR ARITHMETIC OPERATIONS

Polynomials can be manipulated by arithmetic operations, such as addition, subtraction,
and muitiplication, We first generate ZBDDs for trivial formulas that are single
varizbles or constants, and then we use these arithmetic operations 0 construct more
complicated polynomials. An exampic is shown in Fig. 8.3. To generate a ZBDD

implivi Manipaiation of Polvaomials Based on ZBDD:

Figure 83 Generation of ZBDDs for arithmetic expressions.

for the formula % + 4xy from the arithmetic expresston * x {2 + 4 X ¥}, we first
generate graphs for "™ “y.” and “4," and then use some arithmetic operations.
Afier generating ZBDDs for polynomials, we can immediately check the equivalence
between two polynomials. We can also ¢asily evaluate the polynomials in terms of
the length, degrees, coefficients, etc.

In this section, we present efficient algorithms for the arithmetic operations of
polynomials.

8.2.1 Multiplication by a Variable

We first show an algorithm for multiplying a polynomial F by a variable v. This
operation is a basic part of other arithmetic operations. The algorithm divides F into
the two subformulas £7 and Fy according to whether they contain v. In EEzuG?w
by v, each product term in Fy gets v, and each product term in Fy gets »? instead of
v. Then {Fy x ) is computed recursiveiy. This action can be described as
Fxuv=w-Fy WIF xv?), where F =v. - F, UF,

and is iNlustrated in Fig. 8.4. The aigorithm is executed efficiently when the variables

are ordered as #'. 5%t 28 that is, (%)2 is always the next vartable of o*.
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procedure( F x (&)
{ if (Fitop < G.lop)retum (G x F)
if (G = 0) return 0 ;
it (G = 1) retumn £ ;
H — cache("F x G"}y; if (H exists) return H ;
v+ F.top : /* the highest variable in £ +/
{Fyg. F1) — factorsof F by v ;
{Go.G1) « factors of G by v ;
He—{F xCixn
HIF x Gl 4+ (Fa x Gy x w+ (Fa x Gl ;
cache(" £ = 7™y — A1,
retum H ;

Figure 8.5  Algorithm for multiplication of polynemials.

trivial ones. (For example, F/G = () when s < £.) A hash-based cache memory is
also referred to avoid duplicate executions for equivalent subformulas. The remainder
{ F%(G) can be obtained by F ~ (F/G) x G.

When dealing with more than one sort of variables, this algorithm may give different
quotients depending on the variable ordering of ZBDDs. However, the guotient is
computed uniquely for any variable ordering when the remainder is zero. Using this
division algorithm, we can easily check whether a polynomial is a factor of another
polynomial.

8.2.5 Substitution

Using the division operation, we can compute the substinstion operation Flx = G] for
given polynomials F and G, and for a variable . contained in F'. The algorithm can
be written as:

Fla =G| = {F/r)[r =G x G + [FHhx).

(F/2)# = G] is computed recursively. If no r appears in F, Flr=Gi=F.

We can use this algorithm to perform various substitutions, suchas . = r+1]. Flor =
%], and F|r = 5]. This aperation s very useful for practical applications.

nicn Maninuionon of Polvnomiais Based on L0065 Qi

imp

Table 8.1 Result for !

n || ZBDD | Time
nodes | (sec)

10 8 0.1
20 22 0.3
30 32 0.9
40 43 1.7
50 64 2.8
[uo 62 3.2

8.3 IMPLEMENTATION AND EXPERIMENT

Using the techniques described in Section 8.2, we implemented a program for
manipulating polynomials. Our program is written in C++ language on a SPARC
station 2 {SunCS$ 4.1.3, 32 MB). [t can handle about 3,00C sorts of variables, degrees
up 16 255, and coefficients up to 2%*%. Our BDD package requires about 30 bytes per
node.

To evaluate our method, we constructed ZBDDs for large-scale polynomials. We first
generated ZBDDs for constants. [n our experiment, only 15 nodes were needed 1o
represent the number **1,000,000,000.” Table 8.1 lists the results for 7i!. We can easily
generate ZBDDs for constants as large as 56! within about three seconds. (When
n = 57, n! exceeds 256 bit.)

We also tried to represent various kinds of polynemials, such as =7, {r + 1)7,
Sor_ga®, and [T {xx + 1). As shown in Tables 8.2 and 8.3, within a feasible
time and space, we can generate ZBDDs for extremely large-scale polynomials, some
of which consist of millions of terms. This has never been practical in conventional
representation, which requires a memory space proportional to the number of terms.

Our method greatly accelerates the computation of polynomials and expands the scgle
of their applicability. It is especially effective when dealing with many sorts of
variabies, a feat that has been difficult for conventional methods.
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SO P s
Axy+3x+2y+1
dxy+3ns2y+1
BMD
{Reorder)
(a) Coefficients are higher. {b) Coefficients are lower.

Figure 8.7 Comparison of ZBDD-bascd methed and BMD.

feasibie time and space. An important feaitre of our representation is that it is the
canonical form of a polynromial under a fixed variable order. Because the polynomial
calculus is a basic part of mathematics, our method is very useful in various areas.

Recently, several vartants of BDDs have beer devised to represent muiti-valued
logic functions, and one of the remarkable idea is Binary Moment Diagram {BMDs)
developed by Bryant| BC95] and mentioned in Section 4.3. BMDs can also represent
pelynomials containing coefficients. One big difference is that BMDs assume binary-
valued variabies, so they cannot deal with the higher-degree variables. Except for this
difference, the BMDs and our method are near to each other. Figure 8.7(a) shows
the ZBDD-based representation for (4xy + 3 + 2y -+ 1). If we change the variable
order such that the coefficient variables move from higher to lower positions, the
ZBDD becomes as shown in Fig. 8.7(b}, where the subgraphs with the coefficient
variables correspond to the terminal nodes in the BMD. This indicates that the BMD
and the ZBDD-based represeatation can be transformed into each other by changing
the variable order. The efficiency of the two representations therefore depends on the
nature of the objective functions: it is thus difficult to determine which representation
is more efficient in general.

In the future we will try o implement other interesting operations on polynomials, such
as differentiul methods, finding max/min values, solving equations, approximation,

E I S [ SR SN . SR J SR B o ey FIBOATY L
FITEF RTINS GinpLlalicon CM 2 _h\maCﬁhtmc Based cn ZEBDD: VN

and factorization. We can generalize this pelynomial manipulation technique w©
include such things as rational expressions, negative or non-integer degress, and
complex(imaginary)-number coefficients.
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